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Abstract
This paper analyzes solution trajectories for optimal power flow (OPF) with time-varying
load. Despite its nonconvexity, it is common to solve time-varying OPF sequentially over time
using simple local-search algorithms. We aim to understand the local and global optimality
behaviors of these local solution trajectories. An empirical study on California data shows that
local solution trajectories initialized at different points may converge to the time-varying global
solution of the data-driven OPF, even if the problem has multiple local solutions throughout
time. That is, these trajectories can avoid poor solutions. To explain this phenomenon, we
introduce a backward mapping that relates a neighborhood of the time-varying OPF’s global
solution at a given time to a set of desirable initial points. We show that this proposed backward mapping could act as a stochastic gradient ascent algorithm on an implicitly convexified
formulation of OPF, which justifies the escaping of poor solutions over time.

1

Introduction

Optimal power flow (OPF) is a large-scale optimization problem that is at the core of the daily
operation of power systems world-wide. OPF aims to find a cost-minimizing operating point for
a power system, subject to various operational and security constraints [2]. The OPF problem is
challenging because of its nonconvexity and the frequency at which it is solved. Because demand
across the system is constantly in flux, the OPF problem is solved every few minutes to match the
system’s power generation with its latest demand profile. Nonconvex constraints in the AC model
of OPF are the main impediment to solving the problem efficiently and optimally. Physical laws
govern these constraints, indicating nonconvexity is inherent to the problem. In power systems [3,
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4] and in machine learning [5], such nonconvexity is known to give rise to poor local solutions.
Recent research has addressed both the nonconvexity and timescale challenges.
With the goal of addressing the underlying nonconvexity of the problem, a recent line of research has focused on approximating the problem as a single or sequence of convex optimization
problems. These works include quadratic convex [6], second-order conic programming [7], and
semidefinite programming [8, 9] relaxations. Despite desirable theoretical guarantees, the convex
relaxations of OPF suffer from two major drawbacks: 1) Their global guarantees often come at
the expense of higher runtimes or overly complicated implementations; 2) They do not account for
the time-varying nature of demand. This time-varying property poses additional constraints on the
ramping capabilities of generators, which in turn gives rise to coupled optimization problems.
On the other hand, research on multiperiod OPF (MPOPF), such as [10, 11], and dyanamic
OPF, such as [12, 13], endeavors to solve multiple such time-coupled OPF problems simultaneously. This leads to large problem formulations which are still nonconvex in nature. As a result,
solution strategies for these problems often rely on the convex relaxations discussed previously in
combination with receding horizon approaches or nonlinear programming algorithms, which lack
global optimality guarantees [10]. Another drawback is that the data for all time periods must be
specified at the outset. In practice, forecasts may not be adequately accurate far in advance.
Real-time OPF is another approach that targets the timescale of OPF. In [14], a real-time algorithm is used to track the optimal solution every few seconds in between traditional OPF updates,
which occur on a slower timescale ranging from every 5 to 30 minutes. It uses new measurements
of the decision variables’ values and constraints at every time step in order to compute a correction
and track the optimal solution. The correction is computed by solving a quadratic optimization
problem with one iteration of a quasi-Newton algorithm. This has the advantage of responding
quickly to fluctuations, but does not replace the need to solve OPF on the traditional timescale.
Other faster-timescale approaches to OPF-related problems include [15, 16, 17].
In this work, which is positioned between MPOPF and real-time OPF, we consider the timevarying OPF with ramping constraints in an online fashion, where the load profile changes over
time. Unlike the previous convexification techniques, we solve the problem sequentially using
a simple local-search algorithm. Due to the nonconvex nature of the problem, the local-search
algorithm may return a spurious (non-global) local solution, thus leading to a potentially large
optimality gap. Previously in [18], we made the observation that for a small system with timevarying demand, the solution trajectories of the time-varying OPF stemming from four initial local
solutions could converge over time. Here, we present an extensive empirical study on a larger system with 16 spurious solutions using California load data, and show that all feasible local solution
sequences (also called trajectories) converge in cost and value to the best solution. Notably, this
phenomenon occurs despite the fact that the problem has multiple point-wise poor local minima
at key times. For this system, we show that there is an escaping period in which different local
solution trajectories converge to a solution with the lowest cost, followed by a tracking period in
which the local trajectories closely track the global solution.
This observation leads to an important phenomenon in time-varying OPF: load variation enables the local solution trajectories to avoid poor solutions over time.1 In other words, despite the
highly nonconvex nature of the OPF problem at any given time, our numerical algorithm acts on
an implicitly smoothed and well-behaved variant of the problem, thereby avoiding the undesirable
1
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local solutions over time. We formalize this statement by providing a backward-in-time mapping
from the globally optimal solutions of OPF at a given time (namely, the end of the escaping period)
to the set of desirable initial points. By leveraging its special structure, we show that the proposed
backward mapping may act as a stochastic gradient ascent algorithm on an implicitly convexified
formulation of the OPF problem, which in turn explains why local solution trajectories could avoid
poor solutions over time.

2

Empirical Study of Time-Varying OPF

In this section, we analyze the local solution trajectories of time-varying OPF for a 39-bus system.
The solution trajectories of time-varying OPF are constructed by sequentially solving a series of
optimization problems with time-varying demand levels using a local-search algorithm. California
load data and synthetic load scenarios are used to determine demand levels over time. To prevent the solution from changing abruptly over a short period of time, the sequential optimization
problems are coupled via so-called ramping constraints, as we explain below.

2.1

Model and Algorithm Details

To examine the behavior of different local solution trajectories, we consider a modified version of
the IEEE 39-bus system, as introduced in [3]. Specifically, the real and reactive power demands are
reduced by 50%, voltage limits tightened from +/-6% to +/-5%, and the cost functions associated
with all generators are assumed to be linear. This system is known to have 16 local solutions for
the fixed demand values. In this work, we take into account the time-varying nature of the load
and scale all demands proportionally to a given load profile. Finally, we introduce the ramping
constraints that limit the change in power generation for each generator over time.
Starting from the 16 known initial local solutions, we constructed the sequences of local trajectories using the MATPOWER optimization toolbox and fmincon sequential quadratic programming solver2 in the following procedure. We ran Algorithm 2.1 for all 16 initial local solutions and
obtained 16 different solution sequences, which are called discrete local trajectories[18].
Algorithm for obtaining discrete local trajectories [1] Power system model with a fixed initial
point x0 Discrete local trajectory {xt }K
t=0 Initialization : t = 1 every 15-minute time increment
over a span of 24 hours Set demand constraints for each bus based on the demand curve at time t.
Set generator production limits based on xt−1 and the ramping constraint. Solve the corresponding
OPF problem with fixed demand using fmincon with the initial point xt−1 . Upon feasibility,
collect the solution as xt {xt }Tt=0

2.2

Behavior of Discrete Local Trajectories with California Data

In this example, the shape of the demand curve is based on California’s net load for an average day
in August 2019 [19] (Fig. 1). The reported actual hourly net load data was interpolated linearly to
produce a net load estimate for each 15-minute interval within 24 hours. The curve is normalized
and shifted so that time 0 represents 3:00 a.m. Here, the maximum magnitude of allowable change
2
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in power generation between two consecutive time steps is 10% of the capacity of each generator.
All 16 discrete local trajectories remain feasible throughout the span of twenty-four hours. (This
is not guaranteed, as local search may not always find a feasible point or such point may not even
exist.) Fig. 2 shows the point-wise distance between these feasible trajectories and the feasible
trajectory with the lowest cost (labeled as Trajectory 2). Interestingly, all 16 trajectories converge
to Trajectory 2 within nine hours.
Based on this observation, one may speculate that the problem becomes devoid of spurious
local solutions over time. This is indeed not the case for the considered problem. In particular,
we uniformly searched the feasible region of the problem without ramping constraints and verified
that there are multiple point-wise spurious local solutions for the static (decoupled) OPF problem at
different times. In particular, there are many local solutions around the escape time (hour 9) when
the discrete local trajectories merge into one trajectory. Fig. 3 shows the normalized objective cost
values for different discrete local trajectories, alongside the costs of the discovered point-wise local
solutions. Despite the existence of multiple sub-optimal operating points at different times, the
discrete local trajectories initialized at various local solutions result in the lowest cost values over
time. Fig. 4 examines the active and reactive power generations for three representative generators.
This figure shows that the problem has point-wise local solutions with a wide range of generation
levels, highlighting the importance of finding the solution with the lowest cost. Moreover, note
that most of the spurious point-wise local solutions have sharp and random nature. In other words,
they appear at different time-steps with various cost values, and then quickly disappear after a short
period of time. This implies that the landscape of OPF may be highly nonconvex at any given time
step. However, it can be observed that our numerical algorithm is not affected by such sharp local
solutions. To explain this phenomena, we show in Section 4 that the data variation enables the
solver to act on a smoothed version of the problem that is devoid of sharp local minima.

2.3

Impact of Load Variation

Demand scaling factor

Next, we consider discrete local trajectories for three different load profiles on the same system.
Isolating the impact of load variation provides insight into how variation creates trajectories that
avoid poor solutions, as occurred in the previous example. The three demand curves used are
sinusoidal functions with amplitudes representing 5%, 10% and 12% maximum deviation from
the initial load, as shown in the left column of Fig. 5. The ramping constraint (i.e., maximum
magnitude of allowable change in power generation between two consecutive time steps) is 5%
of the capacity of each generator. In each scenario, all 16 discrete local trajectories again remain

1.6
1.4
1.2
1
0.8

0

5

10

15

20

25

Time (hours after 3:00 a.m.)

Figure 1: Average daily net load for California during August 2019 [19]
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Figure 2: Solution convergence for points on discrete local trajectories
feasible throughout the time horizon (100 steps).
The results show that larger magnitudes of data variation lead to fewer poor solutions over
time. At 5% variation 4 trajectories remain at 4 different poor solutions, while the remaining 12
trajectories converge to the best solution. At 10% variation 3 trajectories converge to the same poor
solution, while the remaining 13 trajectories converge to the best solution. At 12% variation all 16
trajectories converge to the best known solution. These results are displayed in the center column
of Fig. 5, which shows the distance between each trajectory and the trajectory with the lowest
cost, along with discovered point-wise local solutions. The search for point-wise local solutions
is done every fourth time step due to the significant computational effort required to repeatedly
solve the problem from a range of initial points. Fig. 5 (right column) compares the number of
point-wise local solutions with the number of distinct3 trajectories over time. In these three cases,
the number of distinct trajectories decreases until it plateaus at the minimum number of point-wise
local solutions found over the entire period. This offers one potential explanation of how load
variation creates trajectories that escape poor solutions: In exploring a range of static problems,
you may encounter one or more times at which the problem has a favorable landscape4 . At such
times, the coupled problem may escape a poor solution. Eventually, the number of poor trajectories
is limited by the number of spurious point-wise local solutions of the most favorable landscape.

3

Mathematical Analysis of Time-Varying OPF

The case study in Section 2 reveals an important property of the time-varying OPF: In the escaping
period, different discrete local trajectories converge to the operating point with the lowest cost.
Then, in the tracking period, the discrete local trajectories track these globally optimal operating
points, even if the load profile changes gradually over time. Such tracking period has been studied
3
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4
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Figure 3: Cost for points on discrete local trajectories and point-wise local solutions (for decoupled
OPF), relative to the cost of the best trajectory
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Figure 4: Real and reactive power outputs of select generators: Points on discrete local trajectories
and point-wise local solutions
in [20, 21], but the striking feature of power systems is the existence of escaping periods.
To better understand this phenomenon, we analyze the problem structure mathematically. First,
we reformulate the time-varying OPF as an unconstrained optimization problem. Using the derived
unconstrained problem, we introduce a backward mapping that characterizes the dynamics of the
discrete local trajectories over time. We show that the convergence of different local trajectories
can be explained by the expansive property of this backward mapping. Finally, in Section 4 we
draw a novel connection between our derived mapping and stochastic gradient ascent, and we use
this insight to explain that the behavior of the trajectories may be driven by some low-complexity
averaged model over a period, rather than the high-complexity OPF problems at each step.
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Figure 5: Three scenarios highlighting the role of load variation. The three plots for each scenario
are (left to right): Load profile input, resulting discrete local trajectories and point-wise local
solutions (for decoupled OPF), comparison of the number of point-wise local solutions to the
number of distinct discrete local trajectories.

3.1

Unconstrained Model for OPF with Fixed Demand

The AC model of OPF in a single time instance with fixed and predefined demand values can be
written compactly as an optimization problem with both equality and inequality constraints:
min f (x)

x∈Rp

s.t. h(x) = d
g(x) ≤ 0

(1a)
(1b)
(1c)

Here, x is the concatenation of voltage angles and magnitudes at different buses, as well as the
real and reactive power generation outputs for different generators. Moreover, the constraints are
encoded by the functions h : Rn → R and g : Rp → R, where R denotes the set of real numbers.
The equality constraint (1b) ensures that the generated power meets the demand, where d is the
vector of real and reactive demand at each bus, and respects the underlying structure and physical
constraints of the network. The remaining constraints in the problem—including the upper and
lower bounds on the voltage magnitudes and degrees, power generation, and line flows—are captured by the inequality constraint (1c). It is easy to verify that p > n. We refer the reader to [2], [3]
and [8] for more information on the exact formulation of the problem. Note that f (x), h(x), and
g(x) are continuously differentiable (piecewise linear cost functions can be reformulated as such).
In order to analyze this optimization problem theoretically, it is desirable to convert it to an
unconstrained problem. First, we enforce the inequality constraints (1c) through a penalty in the
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objective function:
minp f (x) + β

x∈R

m
X

[gi (x)]+

2

(2a)

i=1

s.t. h(x) = d ∈ Rn

(2b)

where β > 0 serves as the penalization parameter, gi (·) is the ith element of g(·), and [y]+ denotes
max(y, 0). This choice of quadratic penalty function is inexact, meaning that problem (2) is an
approximation of problem (1). However, as β increases, each global minimizer of (1) approaches a
global minimizer of (2) under mild regularity conditions [22]. Second, we use the implicit function
theorem [22] to complete the transformation to an unconstrained model. Consider a feasible point
x? satisfying the Karush-Kuhn-Tucker (KKT) conditions for (2). Assuming that constraint qualifications hold at x? , this vector can be partitioned into two sub-vectors x? B ∈ Rn and x? R ∈ Rp−n
such that the Jacobian of h(x? ) with respect to xB is invertible. Therefore, the implicit function
theorem guarantees the existence of a unique differentiable function φ(·) such that xB = φ(xR ) in
a local neighborhood of x? . Given such function, Problem (2) can be re-written as (see [22]):
min

xR ∈Rp−n

f (φ(xR ), xR ) + β

m
X

[gi (φ(xR ), xR )]+

2

(3)

i=1

Enforcing the equality constraint (1b) directly using the implicit function theorem instead of
through penalization will be advantageous when we move to the time-varying setting. Namely,
it avoids amplifying the demand variation as scaling by a large penalization parameter would do.
This is not an issue for the inequality constraint (1c) because it does not vary in time.
Remark 1. Note that (3) cannot be formulated explicitly, due to the unknown nature of the local
solution x? and the function φ(xR ). Instead, this formulation serves as an intermediate step to
analyze the behavior of discrete local trajectories over time.

3.2

Unconstrained Model for time-varying OPF

The above analysis reveals that, under some technical conditions, the OPF problem with fixed
load can be modeled as an unconstrained optimization problem (with a controllable approximation
error). In this subsection, we extend our analysis to the time-varying OPF problem where demand
changes over time and the problem must account for ramping constraints. As previously stated, the
aim of ramping constraints is to ensure that the solution does not change too drastically from one
time step to the next. One way to softly impose ramping constraints is through a proximal method,
in which the distance between the current and previous solutions is penalized in the objective
function of the optimization [23]. The time-varying OPF with K equally-spaced time steps t0 =
0, t1 = ∆t, ..., tK = K∆t (∆t > 0) can be written as the following sequence of optimization
problems:
min

xRk ∈Rp−n

k
ftk (φtk (xRk ), xRk ) + α xRk − x? R
tk−1

2
2

+β

m
X
i=1
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([gi φtk (xRk ), xRk ]+ )2 (4)

for k = 1, ..., K, where α > 0 is a penalization parameter and x?tk−1 =



k
x? B
tk−1

> 

k
x? R
tk−1

 > >

denotes an arbitrary local solution to Problem (4) obtained at time tk−1 . In light of its dependence
on xRk , xBk is not regularized in this approximated model. Due to the time-varying nature of the
demand, the functions ftk (·) and φtk (·) may change over time, and hence they are indexed by time
step.
To simplify the analysis, assume that the partition (Bk , Rk ) does not change over time, i.e., we
have Bk = B and Rk = R for k = 1, ..., K. If the partition changes, then the entire time interval
[0, K∆t] should be divided into sub-intervals, each with a constant partitioning of x. In this case,
the argument presented in Section 4 applies to each sub-interval. Problem (4) can be written as
min
Fk (z) + β
p−n

z∈R

m
X

[Gk,i (z)]+

2

+α ||z − zk−1 ||22

(5)

i=1

|

{z

}

Γk (z)

k
for k = 1, ..., K, where z = xRk , zk−1 = x? R
tk−1 , Fk (z) := ftk (φtk (z), z), and Gk,i (z) := gi (φtk (z), z).

3.3

Backward-In-Time Mapping

The above analysis reveals that a local-search algorithm used to solve the time-varying OPF implicitly aims to recover a stationary point of the unconstrained problem (5). Therefore, we focus
on (5) in our subsequent analysis. Consider a given time step T ∆t, playing the role of the end of
the escaping period. Then, a sequence of stationary points {zk }Tk=1 for (5) satisfies the condition
0 = ∇Γk (zk ) + 2α(zk − zk−1 )

(6)

for every k = 1, 2, . . . , T (where ∇ is the gradient operator). Note that Γk (·) is differentiable.
Therefore, given the solution zk−1 , this equation defines an implicit nonlinear formula for obtaining
zk that cannot be solved in closed form. However, going backward in time, one can write zk−1 in
terms of zk :
zk−1 = zk +

1
∇Γk (zk ) := Mk (zk )
2α

(7)

This gives rise to the following end-to-end backward mapping from zT to the initial point z0 via
the composition operator ◦:
z0 = M1 ◦ M2 ◦ · · · ◦ MT (zT )

(8)

Provided that the mapping M1 ◦ · · · ◦ MT (zT ) is expansive enough when applied to a small
neighborhood of a global solution of OPF at time T ∆t, a large set of initial points (even multiple
local solutions of OPF at time 0) are guaranteed to converge to that small neighborhood of the
globally optimal solution of the problem at time T ∆t. This expansive nature of the mapping
implies the escaping of spurious local solutions from time 0 to time T ∆t. The global solutions at
future times after T ∆t will be tracked successfully if the data variation is not too high[20]. This
expansive property can be observed in the empirical study conducted in Section 2 on the modified
IEEE 39-bus system under both California load data and synthetic sinusoidal loads.
9

4

Connection to Stochastic Gradient Ascent

This section aims to explain how data variation plays a key role in escaping spurious local solutions
of time-varying OPF. Specifically, we will show that the backward mapping (7) can be treated as a
variant of stochastic gradient ascent on a smoothed version of the function Γk (z). This gives rise
to the following important observation:
A certain level of stochasticity in {Γk (z)}Tk=1 over time may enable the stationary points
{zk }Tk=1 to escape “sharp” local minima over time.
To explain this phenomenon, we first introduce the smoothing property of the stochastic gradient descent (SGD) algorithm.
Smoothing property of SGD: Recently, [24] proposed an alternative viewpoint to SGD and its
ability to avoid spurious sharp local minima. Given an initial point z0 , suppose that our goal is to
find a global minimum of a (time-invariant) function Γ(z) using SGD. Accordingly, the iterations
of SGD can be written as
zk+1 = zk − η(∇Γ(zk ) + ωk ),

∀k ∈ {0, 1, 2, . . . }

(9)

where ωt is a bounded random variable with zero mean and η is a predefined step size. Upon
defining z̃k = zk − η∇Γ(zk ), one can write the above iterations (9) in terms of the intermediate
sequence {z̃k }:
z̃k+1 = z̃k −ηωk −η∇Γ(z̃k −ηωk ),

∀k ∈ {0, 1, 2, . . . }

(10)

To analyze the average behavior of SGD, consider the evolution of Eωk (z̃k+1 ), where the expectation is taken over ωk conditioned on {ω0 , . . . , ωk−1 }. Hence,
Eωk [z̃k+1 ] = z̃k − η∇Eωk [Γ(z̃k − ηωk )]

(11)

for all k ∈ {0, 1, 2, . . . }. Therefore, on average, SGD acts as the exact gradient descent on the
surrogate function Eωk [Γ(z̃k − ηωk )]. Comparing this function with Γ(z), one can verify that the
former is a smoothed version of the latter, where the smoothness is due to the convolution of
Γ(z) with the probably density function of the random variable ωk . As illustrated in [24], such
convolution may give rise to (one-point) strong convexity of Eωk [Γ(z̃k − ηωk )] with respect to the
globally optimal solution, which in turn guarantees the convergence of {z̃k } (and hence {zk }) to a
small neighborhood around the global solution, even in the presence of sharp local minima. A key
takeaway from this observation is that Γ(z) can possess multiple sharp, poor local minima, and yet
its smoothed version Eωk [Γ(z̃k − ηωk )] may be devoid of such solutions.
Time-varying optimization and time-varying OPF: Returning to time-varying OPF and the
backward mapping (7), we assume that the variation in {∇Γk (z)}Tk=1 follows a stochastic process
indexed by the time k. In particular, we write ∇Γk (z) − ∇Γk+1 (z) = ζk (z) + ωk , where ζk (z)
is a deterministic, time-varying function and ωk is a bounded random variable with zero mean.
Such assumption is realistic in power systems, where demand can be modeled as a deterministic,
time-varying function capturing the average demand behavior, together with an additive stochastic
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term accounting for its random nature. The iteration (7) is equivalent to
1
∇ΓT (zk+1 )
2α
T −1
1 X
+
(∇Γτ (zk+1 ) − ∇Γτ +1 (zk+1 ))
{z
}
2α τ =k+1 |

zk =zk+1 +

(12)

ζτ (zk+1 )−ωτ

which can be written as the following dynamical model:
1
1
∇ΓT (zk+1 ) +
νk+1 (zk+1 )
2α
2α
νk+1 (zk+1 ) = νk+2 (zk+1 ) + ζk+1 (zk+1 ) − ωk+1

zk = zk+1 +

(13a)
(13b)

where νk+1 (zk+1 ) is referred to as the variation process. In particular, (13b) defines explicit dynamics for the variation process comprised of three parts. The first term νk+2 (zk+1 ) captures the correlation between the variation processes at times tk+1 and tk+2 . The second term ζk+1 (zk+1 ) captures
the bias that is added to the variation process at time tk+1 . Lastly, the third term ωk+1 ∼ W (zk+1 ) is
an independent noise injected into the variation process at time tk+1 . Comparing (13) with (9), one
can verify that (13) reduces to stochastic gradient ascent if νk+2 (zk+1 )+ζk+1 (zk+1 ) = 0. Therefore,
if ωk+1 dominates the first two terms, (13) resembles an approximate version of stochastic gradient
ascent applied to ΓT (z); otherwise, it is a biased and correlated version of SGD [25]. Similar
to (11), this implies that, on average, the points generated via the backward mapping (7) would
be close to the iterations of the gradient ascent on the smoothed version of ΓT (z). Now, assume
that despite the possible existence of multiple spurious and sharp local minima in {Γk (z)}Tk=1 , the
smoothed version of ΓT (z) after convolution is strongly convex. This together with the expansive
nature of gradient ascent on strongly convex functions [26] yields that the end-to-end backward
mapping (8) is expansive, and the discrete local trajectories can escape poor local solutions over
time. We formalize and rigorously analyze this intuition in the next subsection.

4.1

Theoretical analysis of dynamics

1
. Furthermore, suppose that z∗ denotes the globally
For simplicity of notation, we define η = 2α
minimum point of ΓT (z). Without loss of generality, kvk is used to refer to the 2-norm of the
vector v. We make the following assumptions for the dynamical model (13):

Assumption 1 (Smoothness). The following statements hold:
- The function ΓT (z) is L-smooth, i.e., we have
k∇ΓT (x) − ∇ΓT (y)k ≤ Lkx − yk,

∀x, y ∈ Rp−n .

(14)

- The functions ζτ (z) are l-Lipschitz for τ = 1, · · · , T − 1, i.e., we have
kζk (x) − ζk (y)k ≤ lkx − yk,

∀x, y ∈ Rp−n .

Assumption 2 (Implicit Convexity). There exists z∗ such that the following statements hold:
11

(15)

- (One-point strong convexity of convolution) For every y, there exists c > 0 such that
hz∗ − y, −∇Eω∼W (z) [ΓT (y − ηω)]i ≥ cky − z∗ k2

(16)

- (Bounded one-point curvature of convolution) For every y, there exists c0 > 0 such that

∗

hz − y, −

T −1
X

Eω∼W (z) [ζτ (y − ηω)]i ≥ −c0 ky − z∗ k2

(17)

τ =k+1

for every k ∈ {0, . . . , T − 2}.
The existence of L and l which satisfying Assumption 1 can be verified for the unconstrained
model of the time-varying OPF. Meanwhile, Assumption 2 implies that the convoluted variant of
the objective function at time T is one-point strongly convex. We note that such assumption may
not be easily verifiable for the time-varying OPF. However, our simulations strongly suggest that
most of the spurious local solutions in time-varying OPF have a sharp nature, and therefore, they
are likely to be absent in the convoluted (smoothed) landscape of the problem.
Under the above two assumptions, we present the main theorem of this section.
Theorem 1. Suppose that c ≥ c0 and there exists r ≥ 1 such that kωt k ≤ r for every t. Define
λ := η(c − c0 ), and assume that 2η 2 L < 1. Then, under Assumptions 1 and 2, the following
inequality holds:
!


∗ 2
2 2 2
E
kz
−
z
k
8η
r
T
1
0
+
(18)
D+
kzT −z∗ k2 ≤
1−2η 2 L
(1 + λ)T −1
(1 + λ)T −1
where

D=

4
4
+ 2
λ λ





1
η r l + 16 1 +
λ
3 2

2

η 2 r2 (1 + 2λ)2
λ2

(19)

A sketch of the proof for Theorem 1 is provided in the appendix. A number of observations
can be made based on this theorem. Not surprisingly, the provided bound on kzT −z∗ k depends on
the accuracy of the initial point kz0 − z∗ k. However, the effect of this initial accuracy diminishes
exponentially fast with respect to T . Moreover, as T → ∞, the following asymptotic inequality
holds:
kzT −z∗ k2 ≤

D
1 − 2η 2 L

(20)

which is independent of the initial point. Another implication of this asymptotic bound is that, for
any value of T , Theorem 1 can only guarantee the convergence of zT to a neighborhood of z∗ .
This is not surprising if we consider the non-diminishing nature of η and its connection to SGD,
as delineated in the introduction of Section 4. Indeed, similar results on SGD show that, with
non-diminishing step-sizes, the iterations of the algorithm may only converge to a neighborhood
of the globally optimal solution [24]. Finally, it is worthwhile to study how D depends on different
12

parameters of problem, namely η, r, l, L, and c − c0 . Equation (19) reveals that D is a decreasing
function of c − c0 . Combined with Assumption 2, this implies that one-point strong convexity of
Γt (z) for t = 1, . . . , T has a favorable effect on kzT −z∗ k. Similarly, it can be seen from (18)
and (19) that kzT −z∗ k decreases as l, L, and the noise values’ magnitude (characterized by r)
shrink. However, notice that Assumption 2 may not be satisfied for small values of noise. Finally,
D does not have a monotone behavior with respect to η. In particular, it can be verified that D → ∞
1
, this implies that over- or under-regularization
if η → ∞ or η → 0+ . Recalling (5) and η = 2α
∗
may lead to large values for kzT −z k. This observation is in line with Example 1 of [18], which
shows that both small and large regularization may cause the solution trajectory to remain trapped
at spurious local solutions of a time-varying optimization.

4.2

Proof of Theorem 1

For simplicity of notation, we reverse the order of the time steps, changing T − t to t. Then, the
dynamics (13) can be written as
zt = zt−1 + η∇Γ0 (zt−1 ) + η

t−1
X
k=1

= zt−1 + η∇Γ0 (zt−1 ) + η

t−1
X

∇Γk (zt−1 ) − ∇Γk−1 (zt−1 )
|
{z
}
ζk (zt−1 )−ωk

ζk (zt−1 ) − η

t−1
X

k=1

ωk

(21)

k=1

We will extensively use the following sequences of intermediate points in our analysis:
yt = zt + η∇Γ0 (zt ) + η

t
X

ζk (zt )

(22)

k=1

ỹt = yt − η

t−1
X

ωk

(23)

k=1

It is easy to verify that the above definitions together with (21) gives rise to the following recursive
equation:
!
!
t−1
t−1
t
t−1
X
X
X
X
yt =yt−1 − η
ωk + η∇Γ0 yt−1 − η
ωk + η
ζk yt−1 − η
ωk
(24)
k=1

k=1

k=1

k=1

which in turn implies
yt =ỹt−1 − ηωt−1 + η∇Γ0 (ỹt−1 − ηωt−1 ) + η

t
X

ζk (ỹt−1 − ηωt−1 )

(25)

k=1

Define the filteration Ft−1 = σ{ω1 , . . . , ωt−2 }. Our next lemma provides a lower bound on E[kyt −
z∗ k2 |Ft−1 ] in terms of kyt−1 − z∗ k2 .
Lemma 1. The following inequality holds:
E[kyt − z∗ k2 |Ft−1 ] ≥(1 + λ)kyt−1 − z∗ k2 − (b1 + b2 t + b3 t2 )
where b1 := 2η 3 r2 L, b2 := 2η 3 r2 l, and b3 :=

4η 2 r2 (1+2λ)2
.
λ
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(26)

Proof. Based on (25), one can write
E[kyt − z∗ k2 |Ft−1 ]
∗

=E[kỹt−1 − z − ηωt−1 + η∇Γ0 (ỹt−1 − ηωt−1 ) + η

t
X

ζk (ỹt−1 − ηωt−1 ) k2 |Ft−1 ]

k=1

≥kỹt−1 − z∗ k2
+ E[k − ηωt−1 + η∇Γ0 (ỹt−1 − ηωt−1 ) + η

t
X

ζk (ỹt−1 − ηωt−1 ) k2 |Ft−1 ]

k=1
∗

+ 2E[hỹt−1 − z , −ηωt−1 + η∇Γ0 (ỹt−1 − ηωt−1 ) + η

t
X

ζk (ỹt−1 − ηωt−1 )i|Ft−1 ]

k=1
∗ 2

2

2

≥kỹt−1 − z k + η E[kωt−1 k |Ft−1 ] + E[kη∇Γ0 (ỹt−1 − ηωt−1 ) + η

t
X

ζk (ỹt−1 − ηωt−1 ) k2 |Ft−1 ]

k=1

−2ηE[hηωt−1 , ∇Γ0 (ỹt−1 − ηωt−1 )i|Ft−1 ]−2ηE[hηωt−1 ,

t
X

Γ0 (ỹt−1 − ηωt−1 )i|Ft−1 ]

k=1
∗

∗

+2ηhz − ỹt−1 , −∇E[Γ0 (ỹt−1 − ηωt−1 )|Ft−1 ]i+2ηhz − ỹt−1 , −

t
X

E[ζk (ỹt−1 − ηωt−1 )|Ft−1 ]i

k=1

≥kỹt−1 − z∗ k2
t
X

Γ0 (ỹt−1 − ηωt−1 )i|Ft−1 ]
−2ηE[hηωt−1 , ∇Γ0 (ỹt−1 − ηωt−1 )i|Ft−1 ] −2ηE[hηωt−1 ,
|
{z
}
k=1
A
|
{z
}
B

∗

∗

t
X

+2ηhz − ỹt−1 , −∇E[f0 (ỹt−1 − ηωt−1 )|Ft−1 ]i +2ηhz − ỹt−1 , −
E[ζk (ỹt−1 − ηωt−1 )|Ft−1 ]i
|
{z
}
k=1
C
|
{z
}
D

(27)
Next, we will provide a separate lower bound for each term in the above inequality. First, due to
Assumption 3, we have
C ≥ 2ηckỹt−1 − z∗ k2

(28)

D ≥ −2ηc0 kỹt−1 − z∗ k2

(29)

A = −2ηE[hηωt−1 , ∇Γ0 (ỹt−1 − ηωt−1 ) − ∇Γ0 (ỹt−1 )i|Ft−1 ]
≥ −2ηE[kηωt−1 kkΓ0 (ỹt−1 − ηωt−1 ) − ∇Γ0 (ỹt−1 )k|Ft−1 ]
≥ −2η 3 r2 L

(30)

and

Furthermore, one can write
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where the first equality is due to the fact that E[hηωt−1 , Γ0 (ỹt−1 )i|Ft−1 ] = 0. Similarly, we can
write
B ≥ −2η 3 r2 lt

(31)

E[kyt − z∗ k2 |Ft−1 ] ≥ (1 + 2η(c − c0 ))kỹt−1 − z∗ k2 − 2η 3 r2 (L + lt)
= (1 + 2λ)kỹt−1 − z∗ k2 − (b1 + b2 t)

(32)

This implies that

This together with the definition of ỹt−1 gives rise to the following chain of inequalities
E[kyt − z∗ k2 |Ft−1 ] ≥ (1 + 2λ) yt−1 − η

t−2
X

2

ωk − z∗

− (b1 + b2 t)

k=1
∗ 2

∗

≥ (1 + 2λ)kyt−1 − z k − 2(1 + 2λ)kyt−1 − z k η

t−2
X

ωk − (b1 + b2 t)

k=1

≥ (1 + 2λ)kyt−1 − z∗ k2 − 2ηr(1 + 2λ)tkyt−1 − z∗ k − (b1 + b2 t)

(33)

Now we consider two cases:
- If kyt−1 − z∗ k ≥

2ηr(1+2λ)t
,
λ

then one can write

E[kyt − z∗ k2 |Ft−1 ] ≥ (1 + λ)kyt−1 − z∗ k2 − (b1 + b2 t)
- If kyt−1 − z∗ k <

2ηr(1+2λ)t
,
λ

(34)

then one can write

E[kyt − z∗ k2 |Ft−1 ] ≥ (1 + 2λ)kyt−1 − z∗ k2 −

4η 2 r2 (1 + 2λ)2 t2
− (b1 + b2 t)
λ

(35)

Combining the above two inequalities leads to
E[kyt − z∗ k2 |Ft−1 ] ≥ (1 + λ)kyt−1 − z∗ k2 − (b1 + b2 t + b3 t2 )

Next, we define the following stochastic process:


2(b1 + b2 t + b3 t2 )
−t
∗ 2
Gt = (1 + λ)
kyt − z k −
λ

(36)

(37)

Lemma 2. The following statements hold:
- Gt is a submartingale with a vanishing drift. More precisely, it satisfies the following inequality


2b2 + 2b3 (2t − 1)
−(t−1)
E[Gt |Ft−1 ] ≥ Gt−1 − (1 + λ)
(38)
λ
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- We have

E[Gt ] ≥ G0 −

2
2
+ 2
λ λ



4
λ

b2 −



1
1+
λ

2 !
b3

(39)

Proof. One can write
−t

E[Gt |Ft−1 ] =(1 + λ)



2(b1 + b2 t + b3 t2 )
E[kyt − z k |Ft−1 ] −
λ
∗ 2



Invoking Lemma 1 leads to


2(b1 + b2 t + b3 t2 )
−t
∗ 2
2
E[Gt |Ft−1 ] ≥(1 + λ)
(1 + λ)kyt−1 − z k − (b1 + b2 t + b3 t ) −
λ


2
2(b1 + b2 t + b3 t )
=(1 + λ)−(t−1) kyt−1 − z∗ k2 − (1 + λ)−(t−1)
λ


2(b1 + b2 (t − 1) + b3 (t − 1)2 )
−(t−1)
∗ 2
−(t−1)
=(1 + λ)
kyt−1 − z k − (1 + λ)
λ


2(b2 + b3 (2t − 1))
− (1 + λ)−(t−1)
λ


2b2 + 2b3 (2t − 1)
−(t−1)
=Gt−1 − (1 + λ)
(40)
λ
This completes the proof of the first part. To prove the second part, we use the result of the first
part together with the tower property of the expectation to write
!
!
t−1
t−1
X
4b
2b2 X
3
(1 + λ)−k −
(k + 1)(1 + λ)−k
(41)
E[Gt ] ≥ G0 −
λ k=0
λ k=0
{z
} |
{z
}
|
A

B

It is easy to verify that

A≤

2
2
+ 2
λ λ


b2 ,

B≤

4
λ



1
1+
λ

2 !
b3

(42)

This completes the proof.
Now we are ready to present the proof of Theorem 1.
Proof of Theorem 1. From the second statement of Lemma 2, one can write



2 !
2
2
4
1
∗ 2
ky0 − z k ≤
+ 2 b2 +
1+
b3 + (1 + λ)−(t−1) E[kyt−1 − z∗ k2 ]
λ λ
λ
λ

(43)

On the other hand, one can write
∗ 2

∗

E[kzt − z k ] = E[kyt−1 − z − η

t−1
X

ω k k2 ]

k=1
∗ 2

≥ E[kyt−1 − z k ] − 2ηrtE[kyt−1 − z∗ k]
Now, we consider two cases:
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(44)

- If 2ηrt ≤ E[kyt−1 − z∗ k]/2, then
E[kzt − z∗ k2 ] ≥ E[kyt−1 − z∗ k2 ] − E[kyt−1 − z∗ k]2 /2
≥ E[kyt−1 − z∗ k2 ]/2

(45)

- If 2ηrt > E[kyt−1 − z∗ k]/2, then
E[kzt − z∗ k2 ] ≥ E[kyt−1 − z∗ k2 ] − 8η 2 r2 t2

(46)

Combining these inequalities leads to
E[kyt−1 − z∗ k2 ] ≤ 2E[kzt − z∗ k2 ] + 16η 2 r2 t2

(47)

Combining the above inequality with (43) results in
ky0 − z∗ k2 ≤



2
2
+ 2
λ λ


b2 +

4
λ


2 !
1
1+
b3
λ

+ 2 (1 + λ)−(t−1) E[kzt − z∗ k2 ] + 16η 2 r2 t2 (1 + λ)−(t−1)

(48)

Finally, it only remains to characterize the relationship between ky0 − z∗ k2 and kz0 − z∗ k2 . To this
goal, one can write
ky0 − z∗ k2 =kz0 − z∗ + η∇Γ0 (z0 )k2
≥kz0 − z∗ k2 + 2ηhz0 − z∗ , η∇Γ0 (z0 )i
=kz0 − z∗ k2 + 2ηhz0 − z∗ , η∇Γ0 (z0 ) − η∇Γ0 (z∗ )i
≥kz0 − z∗ k2 − 2η 2 kz0 − z∗ k · k∇Γ0 (z0 ) − ∇Γ0 (z∗ )k
≥(1 − 2η 2 L)kz0 − z∗ k2

(49)

where the last inequality is due to Assumption 1. Combining (49) with (48) concludes the proof.


5

Conclusion

This paper studies time-varying optimal power flow (OPF) problems, in which a set of optimization
problems are solved sequentially due to load data variation over time. The solution to each OPF
is obtained using local search initialized at the solution to the previous OPF. We offer a case
study on a 39-bus system under California data, where the OPF at the initial time has 16 locally
optimal solutions leading to 16 solution trajectories. We show that all trajectories converge to the
best solution trajectory, even though OPF has many local minima at most times. To understand
this highly desirable property, we introduce the notions of escaping period and tracking period,
examine the role of data variation and the easiest intermediate problem, study the behavior of the
time-varying OPF during the escaping period via a backward-in-time mapping, and relate it to SGD
algorithm. By modeling the data variation as a biased noise, we prove that enough data variation
enables escaping poor solutions of time-varying OPF over time.
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