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Abstract— Dynamic programming (DP) has a rich theo-
retical foundation and a broad range of applications, espe-
cially in the classic area of optimal control and the newer
area of reinforcement learning (RL). Many optimal control
problems can be solved via a single optimization prob-
lem, named one-shot optimization, or via a sequence of
optimization problems using DP. However, the computation
of their global optima often faces the NP-hardness issue,
and thus only locally optimal solutions may be obtained
at best. In this work, we consider the discrete-time finite-
horizon optimal control problem in both deterministic and
stochastic cases and study the optimization landscapes
associated with two different approaches: one-shot and DP.
In the deterministic case, we prove that each local mini-
mizer of the one-shot optimization corresponds to some
control input induced by a locally minimum control policy
of DP, and vice versa. We further incorporate the param-
eterized policy approach into our problem for the closed-
loop system. With a parameterized policy, we prove that
deterministic and stochastic cases both exhibit the desir-
able property that each local minimizer of DP corresponds
to some local minimizer of the one-shot optimization, but
the converse does not necessarily hold. Nonetheless, un-
der different technical assumptions for deterministic and
stochastic cases, if there exists only a single locally min-
imum control policy, one-shot and DP turn out to capture
the same local solution. These results pave the way to
understand the performance and stability of local search
methods in optimal control and RL.
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A preliminary version of this paper has appeared in 2021 American
Control Conference, New Orleans, USA, May 25-28, 2021 [1]. The
previous version mainly discussed the deterministic problem with control
inputs, while this journal version has significantly extended the results
to include both the deterministic and the stochastic problems with a
parameterized policy to study a closed-loop system. To address the
parameterized problem, our new notion of a local minimizer of the one-
shot optimization optimizes the objective function over the parameters
modeling the inputs. Furthermore, the notion of a locally minimum
control policy of DP is replaced with a local minimizer of DP, which
considers an open ball in the parameter space instead of the action
space. These new notions enable the investigation of the stochastic
dynamics as a finite-dimensional problem.

. INTRODUCTION

Dynamic programming (DP) is a simple mathematical
technique that has been widely used in a variety of fields.
Following Bellman’s influential work [2] on demonstrating the
broad scope of DP and laying the foundation of its theory,
many mathemetical and algorithmic aspects of DP have been
investigated [3]. One main application of DP is to solve
optimal control problems, with applications in communica-
tion systems [4], inventory control [5], powertrain control
[6], and many more. Furthermore, many recent successes
in artificial intelligence, especially in reinforcement learning
(RL) [7], [8], are also deeply rooted in DP. For example,
in the challenging domain of classic Atari 2600 games, the
work [9] has demonstrated that the deep Q-learning method
based on the generalized policy iteration together with a deep
neural network as the function approximator for the Q-values
surpasses the performance of all previous algorithms and
achieves a level comparable to that of a professional human
games tester.

Although DP has a rich theoretical foundation and a broad
range of applications, the exact solutions of large-scale optimal
control problems are often impossible to obtain using DP in
practice [7]. Apart from suffering the “curse of dimension-
ality” when the state space is large, solving DP accurately
could also be highly complex. The reason is that DP requires
solving optimization sub-problems to global optimality, and
the computation of their global optima is NP-hard in general,
due to the non-linearity of the dynamics and the non-convexity
of the cost function.

Therefore, even though the theory of DP relies on global
optimization solvers, practitioners routinely use local opti-
mization solvers based on first- and second-order numerical
algorithms. As a result, the theoretical guarantee of DP could
break down as soon as a non-global local solution is found in
any of the sub-problems. Understanding the performance of
local search methods for non-convex problems has been a focal
area in machine learning in recent years. This is performed
under the notion of spurious solution, which refers to a local
minimum that is not a global solution. The specific application
areas are neural networks [10], [11], deep learning [12], [13],
mixtures of regressions [14], [15], matrix sensing and recovery
[16]-[19], phase retrieval [15], [20], and online optimization
[21], [22].

Recently, there has been an increasing interest in under-



standing the global convergence of exact or approximate
DP algorithms in policy gradient methods for RL, such as
projected policy gradient, natural policy gradient, and mirror
descent with or without regularizers [23]-[27]. Prior to them,
the work [28] identified some general algorithm-independent
properties of the policy gradient method by establishing a
direct connection between policy gradient (one-shot) and pol-
icy iteration (DP) objectives. They showed that the global
convergence of the policy gradient method is guaranteed if
the policy iteration objectives have no sub-optimal stationary
points. However, the literature lacks a rigorous analysis of the
spurious solutions of the DP method.

In this paper, we analyze the spurious solutions of the DP
method by focusing on the following fundamental question:
What if the globally optimal solution of each sub-problem of
DP is replaced with a solution obtained by a local search
method? A challenge in this analysis is that policy optimiza-
tion even towards the spurious solutions can be problematic
if the action space is continuous [29]. One can think of the
policy iteration with function approximation [30] where the
Q-function approximation error is zero. This is a reasonable
assumption since a close-to-zero error can be obtained with
a sufficiently rich and expressive policy class such as deep
neural networks, which naturally yields the existence of the
local minimizer of DP. That motivates our analysis on the
comparison between the solutions of one-shot method and
DP if they are only solved to the stationary points or the
spurious local minimizers, and hence, our algorithm-agnostic
study offers a clear understanding on the landscapes for the
optimal control problem without considering the secondary
issue of the approximation error.

We focus on both deterministic and stochastic discrete-time
finite-horizon optimal control problems whose goal is to find
an optimal input sequence such that the total cost is minimized
while the dynamics and input constraints are satisfied. One
approach to solving the problem is by formulating it as a one-
shot optimization problem, a single whole-period problem,
and another approach is using the DP to formulate it as
a sequential decision-making problem with multiple single-
period sub-problems and solve it in a backward way. Although
it is well-known that for the deterministic optimal control
problem, the one-shot method and the DP method return the
same globally optimal control sequence, it is not yet known
what would occur if the global optimizer needed for solving
each sub-optimization problem in DP is replaced by a local
optimizer. In the remainder of the paper, we will compare the
two optimization landscapes: one induced by the DP method
based on local search algorithms, and the other induced by
its corresponding one-shot optimization based on local search
methods. To address this relationship, we first introduce the
notion of locally minimum control policy of DP and prove that
under some mild conditions, each (spurious) local minimizer
of the one-shot optimization corresponds to the control input
induced by a (spurious) locally minimum control policy of DP,
and vice versa. This result developed in Section II precisely
uncovers the connection between the optimization landscapes
of the one-shot and DP optimization problems, showing that
the DP method using local search can successfully solve the
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optimal control problem to global optimality if and only if the
one-shot optimization is free of spurious solutions.

However, in RL algorithms, both one-shot method and DP
are usually handled by a parameterized policy for the closed-
loop control, which necessitates generalizing the results to
optimization with respect to the parameters instead of the con-
trol inputs themselves. We introduce the problem formulation
under a parameterized policy and establish the relationship
between the two optimization landscapes. In Section III, we
incorporate the parameterized policy in the deterministic prob-
lem and prove that each local minimizer of DP corresponds to
some local minimizer of the one-shot optimization, whereas
its converse may not hold. This implies that the optimization
landscape of the one-shot problem is more complex than its
DP counterpart, implying that if the one-shot problem has a
low complexity, so does the DP problem. Moreover, we show
that if there exists only a single locally minimum control
policy with a specific parameterized policy class, namely
a linear combination of independent basis functions, each
local minimizer of the one-shot optimization corresponds to
a local minimizer of DP. This implies that if the DP problem
has a very low complexity, the same holds for the one-
shot problem. Likewise, in Section IV, we incorporate the
parameterized policy in the stochastic problem and derive a
similar relationship between the optimization landscapes of
the one-shot and DP methods as in the deterministic problem.
Finally, concluding remarks are provided in Section V. Table
I summarizes the main results of the paper.

In various applications arising in machine learning and
model-free approaches for which the model is unknown and
simulations are expensive, DP is the only viable choice
compared to the one-shot optimization approach. Hence, it
is essential to understand when DP combined with a local
search solver works. The results of this paper explain that the
success of DP is closely related to the optimization landscape
of a single optimization problem. For instance, the success
of the DP method highly depends on the number of spurious
solutions of the one-shot optimization problem.



KIM et al.: THE LANDSCAPE OF THE OPTIMAL CONTROL PROBLEM

Notation: Let R denote the set of real numbers. We use
B(c,r) to denote the open ball centered at ¢ with radius r and
use B(c,r) to denote the closure of B(c,r). The notation = €
A— B means that z is in the set A but not in the set B. Let ||-||
denote the Euclidean norm and V. f(x,y) denote the gradient
of f(x,y) with respect to x. The notation V2 f(z) = 0 means
that the Hessian of f(x) is positive definite. The notation C"
means that the function is n-times continuously differentiable.
The notation E denotes the expectation operator.

II. DETERMINISTIC PROBLEM

A. Problem Formulation

Consider a general discrete-time finite-horizon deterministic
optimal control problem with n time steps:

n—1
min Z ci(mi, uq) + en(xn)
UQ,y--+Un—1 i—0
S.t. Ti+1 :fl(:r“ul)7 iZO,...,n— ]., (Pl)
u; € A, 1=0,...,n—1,
xo is given,

where z; € RY is the state at time 7 and wu; is the control
input at time ¢ that is constrained to be in an action space
A C RM. The state transition is governed by the dynamics
fi : RV xRM — R¥. Each time instance 7 is associated with a
stage cost ¢; : RN xRM — R or the terminal cost ¢,, : RY —
R. Given an initial state z, the goal of the optimal control
problem is to find an optimal control input (ug,...,Up—1)
minimizing the sum of the stage costs and the terminal cost.
In this paper, the dynamics f; and the cost functions c; are
assumed to be at least twice continuously differentiable over
RY x RM and the action space A is assumed to be compact.
The optimal control problem can be solved by two common
approaches. The first approach directly solves (P1) as a one-
shot optimization problem that simultaneously solves for all
variables. To simplify the analysis, we eliminate the equality
constraints in (P1) via the notation C'(zy;ug,...,u,—1) de-
fined as the cost-to-go started at the time step k with the initial
state x and control inputs ug, ..., u,—1. In other words,

C(z) = cn(z),
Clzyug, ..y Uun—1) = cp(x, ug)
+ C(fk(xa Uk), Uk41y -« - un—1)7
for K =0,...,n— 1. The one-shot optimization problem (P1)
can be equivalently written as

- aunfl)

i=0,...,n—1.

min  C(zo;ug, . .

P2
st. u; € A, ®2)

The second approach to solving the optimal control problem
is based on DP. Let J(z)) denote the optimal cost-to-go at
the time step & with the initial state xy, i.e.,

. 7un—1)

i=k,...,n—1.

Ji(xp) =min  C(ag; ug,. .
st. u; € A,

Then, Ji can be computed in a backward fashion from the
time step n — 1 to time O through the following recursion:

In(z) = cn(z),

Jelw) = minfex(z,0) + T (filw,w)}, (P3)
for k = 0,...,n — 1. The optimal cost Jy(zg) equals the
optimal objective value of (P1).

However, due to the non-convexity of the look-ahead value
functions, it is generally NP-hard to obtain globally optimal
solutions of (P3) for all states and at all times. Specifically,
when using the DP to solve the optimal control problem
(P1), the first step is to compute min,eca{c,—1(Tn_1,u) +
cn(fno1(zn_1,u))} for every x, 1 € RY, which requires
solving nonconvex optimization problems if the cost func-
tion is nonconvex or the dynamics is nonlinear. Since these
intermediate problems are normally solved via local search
methods, the best expectation is to obtain a local minimizer
for u,_; as a function of 2 € R¥, denoted by the policy
Tn—1(x). As a result, instead of working with truly optimal
cost-to-go functions, one may arrive at a sub-optimal cost-to-
go at time n — 1 as follows:

Jg—l('xn—l) = Cn—l(xn—lv 7T'n—l(l'n—l))‘i’

Cn(fn—l(xn—la 7T’n—l(xn—l)))v

which is obtained based on the local minimizer 7,1 (z). Sub-
sequently, it is required to solve the optimal decision-making
problem minyec a{cn—2(Tn—2,u)+J7_1(fn—2(n_2,u))} for
every x,_o € RY. By repeating this procedure in a backward
fashion toward the time step 0, we obtain a group of policy
functions 73, and sub-optimal cost-to-go functions J; for
k=0,...,n — 1. Given the initial state xg, let

US = 7T0($0)a xik = fo(SU(),US), u>1k = 7(1(;3*1‘)’ x; = fﬂl‘f,u?)

Up 1 = Tn1(T5_1), Ty = fulzn_1,u5_q),

be the control inputs and the states induced by the policies
05 -+, Tn—1. Then, (uf,...,uk_4) is a sub-optimal solution
to the original optimal control problem (P1) with the sub-
optimal objective value JJ (zo). This motivates us to define
locally minimum control policies based on solving (P3) to
local optimality.

Definition 1: Given a control policy 7 = (7, ..., Tph—1),
the associated Q-functions Q7 (-,-) and cost-to-go functions
JZ(-) under the policy 7 are defined in a backward way from
the time step n — 1 to the time step O through the following
recursion:

Jn (2) = en(2),
QZ(I7U):Ck(xau)+‘]l?+1(fk(x7u))a k=0,...,n—1,
Jr(@) = Qf(w,mu(@)), k=0,...,n—1.

Definition 2 (local minimizer): A vector (ug,...,uk_4) is
said to be a local minimizer of the one-shot optimization
problem (P2) if there exists € > 0 such that

C(zo,ug, - -

7u;k7,71> S C(:EO) ’EL07 e 7611’171)



for all 4; € B(u},e)N A where i =0,...,n— 1. It is further
called a spurious (non-global) local minimizer of the one-shot
optimization problem if C(zg,ug, ..., u)_1) > Jo(xo).

Definition 3 (locally minimum control policy): A  control
policy m = (mg,...,mp—1) is said to be a locally minimum
control policy of DP if for all £ € {0,...,n — 1} and for
all z € RY, the policy m(z) is a local minimizer of the
Q-function Q7 (x,-), meaning that there exists e;(z) > 0
such that

QTkr(w7 Wk(x)) < Qg(mvﬁ)v

It is further called a spurious locally minimum control policy
of DP if J{)’(xo) > JQ(JC()).

In the following subsections, we show that in the determin-
istic problem, both approaches capture the same local solutions
under mild assumptions.

Va € B(mp(x), e (x)) N A.

B. Local minimizers: From DP to one-shot optimization

Although the input sequence induced by a globally minimal
control policy is a global minimizer of the one-shot problem, it
turns out that the input sequence induced by a spurious locally
minimum control policy of DP does not generally imply a
spurious local minimizer of the one-shot problem. However,
this implication is indeed the case if some mild conditions are
satisfied.

Before presenting the theorem, we first show that the
differences between two state sequences starting from the same
initial state are closely correlated to the differences between
the corresponding control sequences.

Lemma 1: Consider the system under an input se-
quence (ug,...,u,—1) with its associated state sequence
(zo,-..,2n). Then, there exist continuous and non-decreasing
functions Lg(do,...,0k), & = 0,...,n — 1, satisfying
Li(0,...,0) = 0 and the following property: for any input
sequence (U, ...,Un—1) With 4; € B(u;,d;) N A for all
i €{0,...,n— 1}, it holds that

] 6/€)a

where (Zg,...,T,) is the state sequence corresponding to
(tg, ..., Up—1) starting from the initial state z.
Proof: The proof is given in [1] (see Lemma 2). ]
Theorem 1: Consider a (spurious) locally minimum control
policy m = (mg,...,mn—1), and let the corresponding input
and state sequences associated with the initial state xg be

lzkr1 — Zrya|l < Li(o, - -

denoted as (ug,...,u’_q) and (x§, ..., z}). If m is Lipschitz
continuous in a neighborhood of z}, and € (see Definition 3)
is continuous at z} for k =0,...,n—1, then (uf,...,u)_;)

is also a (spurious) local minimizer of the one-shot problem.
Proof: We first show that there exist positive constants
09y - - -,0,_1 such that forevery L >0 and ¢ =0,...,n — 1,

the following relation holds:
z€B(x},d;)

€ (¢, )

where dy = 0 and d; = L;—1(d0,...,0;—1) for i > 0
with L;_; given in the statement of Lemma 1. For ¢ > 0,
because L;_; is continuous with L;_1(0,...,0) = 0, and €}
is continuous at z, if dg,...,d,—_1 are sufficiently small,

inf  €f(x) > 16: (x7) > 0. 2)
x€B(x},d;) 2
Thus, at step n — 1, there must exist dg, ..., d,_1 for which
(1) holds. Then, at step n — 2, if dg,...,d,_2 do not make
(1) hold, since L,,_o is non-decreasing, we can further reduce
09, - - -, 0o to satisfy (1) for i = n — 2 without violating (1)
for i = n — 1. By repeating this procedure, one can show that
there exist positive constants dg, . .., d,—1 such that (1) holds
for all 4 € {0,...,n — 1}. Moreover, we can again reduce
d9,--.,0n—1 such that each m; is Lipschitz continuous over
the set B(x},d;).
Now, it is desirable to show that for all @; € B(u},d;) N A
where ¢ € {0,...,n — 1},

J§ (o) = C(zosug, -« s up_1) < Clxo; o, -« -y Un—1)-

Since (1) implies that 6y < €f(zo), one can write J7(zg) <
Co($o,l~to) + J{r(ij), where 7; = fo(l‘o,’ao), Yiug €
B(ug,d0) N A. For every i € {1,...,n— 1}, by the definition
of local optimality of 7;(Z;),

I (&) < i@, 03) + T (Tig1), 3

where T;411 = fl‘(i‘i,ﬁi), Yu,; € B(ﬂ',(i’l), Gf(i‘l)) N A.

Now, we aim to show that (3) also holds for all u; €
B(mi(z}),0;) N A; or equivalently, B(m;(z}),d;) N A C
B(mi(:), €l (Z;)) N A. It suffices to prove that

0 + ||mi(y) — mi(T) || < € (Z)- 4)

Because of the Lipschitz continuity of 7; in B(x},d;), there
exists a positive constant L, such that ||m;(z}) — m;(Z;)| <
Lr||lxf — Z;]|, for all ¢ = 0,...,n — 1. Then, the inequality
(4) must hold because of (1).

Now, assume that 7 is a spurious locally minimum
control policy of DP, ie., JJ(zg) > Jo(zo). Then,
since C(zo;ul,...,ul_1) = JF(xo) > Jo(xo) holds,
(ug,...,ur_q) is also a spurious local minimizer of the one-
shot problem. [ ]

Remark 1: The continuity of € ensures (2), which is re-
quired in the proof. One situation where € () is continuous in
a neighborhood of ] is that the local minimizers of Q7 (x,-)
do not bifurcate at x7. As shown later in Example 2 of Section
II-E, if a local minimizer of Q7 (x,-) bifurcates at ], then

€ (x) is discontinuous at zf and the infimum of € (x) may

K3

be zero. In this case, there is no guarantee that the induced
control input of the locally optimal control policy of DP will
also be a local minimizer of the one-shot problem. Thus, the
assumption of the continuity of €f(x) is necessary for the
results in Theorem 1 to hold true.

Another situation where the results in Theorem 1 hold true
is that the Hessian of Q7 (z,-) is positive definite. We present
this idea below.
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Theorem 2: Assume that A is convex. Consider a (spurious)
locally minimum control policy # = (mg,...,7n—1), and
let the corresponding input and state sequences associated
with the initial state x be denoted as (uf,...,u:_ ;) and
(x§,...,x). If m is twice continuously differentiable in a

neighborhood of z;, and

V2Qr (x5, up) =0, Vke{0,...,n—1},

then (ug, ..., w)_;) is also a (spurious) local minimizer of the
one-shot problem.
Proof: The proof is given in [1] (see Theorem 3). |
Remark 2: By taking the contrapositive, one can imme-
diately conclude that the DP method cannot produce any
spurious locally minimum control policies that satisfy the
regularity conditions in either Theorem 1 or Theorem 2 as
long as the one-shot problem has no spurious local minima.

C. Stationary points: From DP to one-shot optimization

In Section II-B, we have mentioned that if the assumptions
of Theorem 1 or Theorem 2 are not satisfied, an induced
controlled input of the locally minimum control policy of DP
does not necessarily imply a local minimizer of the one-shot
problem. Therefore, it is desirable to discover what property
such induced input satisfies for the one-shot optimization
problem. In this subsection, we will show that under some
conditions the control input induced by a locally minimum
control policy of DP is also a stationary point of the one-shot
problem.

Definition 4: Given a set S and a continuously differen-
tiable function g, a point s* € S is said to be a stationary
point of the optimization problem mingeg g(s) if

_vsg(s*) € NS(S*)v

where Ng(s*) denotes the normal cone of the set S at the
point s* [31].

Accordingly, we can develop the notion of a stationary point
in different settings.

Definition 5 (Stationary point): A vector of control inputs
(uf,...,us_q) is said to be a stationary point of the one-
shot optimization if for all £ € {0,...,n — 1}, it holds that
—Vu, C(zosug, ... ul_1) € Na(uj).

Definition 6 (Stationary control policy): A control policy
m = (mo,...,Tn—1) is said to be a stationary control policy
of DP if for all k € {0,...,n — 1} and for all z € RY, it
holds that —V, Q7 (z, mx(x)) € Na(mi(z))).

For example, a locally minimum control policy is indeed a
stationary control policy of DP. Now, we prove that, under mild
assumptions, a stationary control policy implies a stationary
point of the one-shot optimization. Let D} (x) be the Jacobian
matrix of 7 (-) at point x, Di’x(x, u) be the Jacobian matrix
of the function fi(-,u) at point = while viewing u as a
constant, and similarly Di’"(x, u) be the Jacobian matrix of
fx(z,-) at point v while viewing x as a constant.

Theorem 3: Consider a stationary control policy m =
(mo,...,mn—1), and let the associated input and state se-
quences with the initial state x( be denoted as (uf, ..., u)_;)
and (z,...,a%). If for every k € {0,...,n—1}:

1) m is continuously differentiable in a neighborhood of
x5
2) either m(27) is in the interior of A or D} (z}) =0,
then (ug,... 1) is a stationary point of the one-shot
optimization.
Proof: First, we will apply induction to prove that

Vodi(xr) = Ve Cl(ar;up, .. ur_q) 5)
holds for k € {0, ...,n}. The base step k = n is obvious. For
the induction step, observe that
V. QF(x,u) = Vyeg(z,u) + D'}:’m(x, u)TVmJ,fﬂ(fk(a:, u)),
Vo Ji (2) = Vo [QF (z, Tk (2))]

= V.Qf (z, m(x)) + DF ()" V., QF (z, ().
Therefore,
VJ«JI’J(xZ) = Vwck(xz, ult) + Di’m(x;;a uZ)TV,;J,?_,,_l (3724-1)

+ D7 (27)" VW QF (w5, u,)-
(6)
If wj, is in the interior of A, since wj is a stationary point
of Qf (x},-), we have V, Q7 (5, u;,) = 0. Otherwise, by the
assumption, it holds that D7 (z}) = 0. In either case, the last
term of (6) is zero. On the other hand,

*
y Uy —

V.C(xug, ... ,up_q)
= V;EC]C(.’L‘, ult) + VI[C(fk(xa u;;); uItJrlv .o ’u:zfl)]
= Vaci(@, up) + DL (2,u7) " Vo C (frlw, up )i upyrs ol y)-

Now, (5) can be obtained by taking x = =z, in the above
equality and then combining it with the induction hypothesis
and (6). Finally, for k£ € {0,...,n — 1}, one can write

Vo, C(xosus, .. urn_q)

= Vuer(@h,uj) + DL (@h, ud) " VaC (@5 U 1)
= Vuer(zg,up) + Di’u(ﬁ’ Ul*c)TszJ?H(xZH)

= VuQp (2}, up),

in which the second equality is due to (5). Since uj, is a
stationary point of Q7 (z%,-), —V.QF (x5, uf) € Na(uj).
Thus, —V,, C(zo;ug,...,ui_1) € Na(u}), which proves
that (ug,...,u%_;) is a stationary point of the one-shot
optimization. [ ]

D. Local minimizers: From one-shot optimization to DP

In this subsection, we will show that each strict local
minimizer of the one-shot problem is induced by a locally
minimum control policy 7 of DP. Before proving the theorem,
we first provide the following useful lemma.

Lemma 2: Given a function g : RV x A — R, a point
z* € RY and a number € > 0, if u* € A is a strict local
minimizer of the function g(z*,-) and ¢ is continuous in a
neighborhood of (z*, u*), then there exist > 0 and a function
h: B(z*,6) — A such that h(z*) = u* and that the following
statements hold for all x € B(z*,J):

1) h(z) is a local minimizer of g(z,-).

2) h(z) € B(u*,e).

3) The function g(z, h(x)) is continuous at z.

Proof: The proof is given in [1] (see Lemma 1). |



Theorem 4: If the one-shot problem has a (spurious) strict
local minimizer (ug, ..., u)_;), then there exists a (spurious)
locally minimum control policy = of DP with the property that
mi(x}) = uj, for all k € {0,...,n — 1}, where (zf,...,},)
is the state sequence associated with the (spurious) solution of
the one-shot problem.

Proof:  Assume that (ug,...,us_;) is a strict local
minimizer of the one-shot problem. There exists ¢ > 0 such
that

Cxo;ug, - yup_1) < Clzo;ug, ..y Un—1), @)

for every control sequence (ug,...,un—1) 7# (ul, ..., us_q)
with the property that u; € B(ul,e)NAfori=0,...,n—1.
In what follows, we will prove by a backward induction that
there exist policies 7y, . .., T, _1, positive numbers dg, . . . , Oy,
and corresponding cost-to-go functions J{, ..., J] such that
they jointly satisfy the following properties:

1) m(xg) is a local minimizer of the function QF (x,-)

for all z;, € RN,
2) m(xy) = uj.
3) For all z, € B(xj,d), it holds that

T (zk) € Blug,€), fu(zr, me(2k)) € B(@hi1, Ort1)-

4) JT is lower semi-continuous on RY and continuous on
B(.%‘z, 61@)

For the base step k = n, we choose an arbitrary §,, > 0
and notice that J7 (z) = c¢,(x), implying that J7 is always
continuous. For £ < n, assume that 7gi1,...,m,—1 and
Ok+1,-- -, 0, With the above properties have been found.

First, by the continuity of fj, there exist ¢;, > 0 and 0 <
€r < € such that

Tr(@r,ur) € B(wgyq,0k41), V(vg,ux) € Sk, (8)

where S, = B(z},0;) x (B(u}, ex) NA).
Since QF (vr,ux) = cr(xr, ur) + JI 1 (fu(wr, ug)) and

JiT,, is continuous on B(x}, ,dr4+1), QF is continuous on
Sk. Next, for every 4y, € B(uj,e,) N A, if we define

Tpr1 = fe(@g, k),  Okg1 = Thg1 (Trg1),

T2 = for1 (Tot1, Ueg1),  Ungo = o2 (Th2),
jn—l = fn—Q(jn—Qaﬂn—2)7 an—l = '/Tn—l(:in—l)7

by applying (8) and then the third property above repeatedly,
we arrive at

U; € Bul,e)NA, Vie{k+1,...,n—1}.

When 4y, # uj, it follows from (7) and the second property
above that

Q‘llcr(xlt7ak) = C(x;;7ak7 .o 7717171)
k

-aan—l) -

i

|
—

= C(mo;uly -y Up_q, Uk, - - ci(x],ul)

I
<

k—1

o) — Y elar,up)
-1

> C(zo; ug, - - -
1=0
no1) = Qk (h, ug).

U
*, ok
=C(zrsup, ... u,

As a result, uj is a strict local minimizer of Q7F(z},-).
Applying Lemma 2 to the function Q7 with =} and €, one
can find 0 < d; < ¢;, and a function hy : B(z},0r) — A
such that hy(z}) = u;, and that the following statements hold
for every ), € B(z}, 0r):

1) hi(zk) is a local minimizer of QF (xk, -).

2) hi(zk) € B(uf,er) € B(uj,€), which together with

(8) implies that
Fe(@r, hi(zr)) € B(xf, 1, Ok1)-

3) The function Q (z, hi(xr)) is continuous at xg.

Let 7 be the extension of the function hy, by setting 7y (z)
to be any global minimizer of the lower semi-continuous
function Q7 (z, -) over the compact set A if x, ¢ B(x}, ox).
Obviously, 7, satisfies the first three properties. To verify the
last property, observe that

QF (g, hy (1)),
Hy(z),

in which Hy(x) = minyea QF (21, u), and therefore J] is
continuous on the set B(x},dx). In addition, note that Jj7,
and thus @} is lower semi-continuous, while A is compact.
Hence, it follows from the Berge maximum theorem [32] that
H;. is also lower semi-continuous on RY, which implies that
JT is lower semi-continuous on RY — B(xz}, ;). For every
point Zj on the boundary of B(z},dy), since Hy is lower
semi-continuous at Ty, for every € > 0 there exists 5§ >0
such that

if ¢, € B(JSZ, 5k),

otherwise,

Ji (z) = {

Ji (xx) > Hy(vg) > Hp(Ty) — €= Ji (Ty) — €

holds for all z;, € B(&y,d). Therefore, J is also lower semi-
continuous at Ty.

By the first and second properties, 7 = (m,...,Tp—1)
will be a locally minimum control policy of DP. Furthermore,
if (u§,...,u’_1) is a spurious local minimizer of the one-
shot problem, then JJ (zo) = C(zo; ug, ..., ul_1) > Jo(xo),
which implies that 7 is also a spurious locally minimum
control policy of DP. [ ]

Remark 3: DP can be viewed as a reformulation of the
optimal control problem from a single one-shot optimization
problem to a sequence of optimization problems. When a non-
convex problem is reformulated, its local minimizers could
change and for example convexification often serves as a
reformulation in a higher-dimensional space that eliminates
spurious solutions. However, Theorem 4 shows that, under
mild conditions, DP is a reformulation of the one-shot opti-
mization problem that preserves local minimizers. Note that a
spurious solution of DP is a set of functions, where a spurious
solution of the one-shot optimization is a vector.

Remark 4: By taking the contrapositive of Theorem 4, one
can immediately obtain the result that the one-shot problem
has no spurious strict local minimizers as long as DP has no
spurious locally minimum control policies.

Considering Theorems 1, 2, and 4 altogether, one can
conclude that under mild conditions, each local minimizer of
the one-shot optimization corresponds to some control input
induced by a locally minimum control policy, and vice versa.



KIM et al.: THE LANDSCAPE OF THE OPTIMAL CONTROL PROBLEM

E. Numerical Examples

To be able to effectively demonstrate the results of this
section via visualization, we will provide two low-dimensional
examples in this section.

Example I: Consider an optimal control problem with the

control constraint A = [—10,10] and
co(z,u) =0,
1 3r+4 32® + 8z + 3
c(z,u) = ZU4 - m;— s +2$+ u?

—a(x+ 1)(x + 3)u + exp (z),

co(x) =0, fo(z,u) =z +u, fi(r,u)=z+u.
At the initial state =y = 0, the one-shot problem can be written
as
3 4 3u2 + 8 3

Uo + u? + UO + (') + U,?
3 2

—ug(up + 1)(up + 3)us + exp (ué)}.

: 1y
min Uy —
ug€EA,u1 €A 4

This one-shot optimization problem has 3 spurious local mini-
mizers (—0.523, —0.523), (—0.523,2.477), (0.938, 0.938) and
the globally optimal minimizer (0.938,3.938). The landscape
of this objective function is shown in Fig. la.

(a) Example 1

(b) Example 2

Fig. 1. Landscape of the one-shot optimization: (a) Each (spurious)
local minimizer is equivalent to a set of control inputs induced by each
(spurious) locally minimum control policy. (b) (0, 0) is a control input
induced by a locally minimum control policy but not a local minimizer of
the one-shot optimization. However, it is indeed a stationary point of the
one-shot optimization.

The optimal control problem can also be solved sequentially
by DP. At the time step 1, the Q-function is Q7 (z,u1) =
¢1(x,u1), which has the maximum point « + 1, the spurious
local minimizer z and the global minimizer x 4 3. One can
choose the continuous policy

~10, z < —10,
m(x) =< x, —-10 <z <10,
10, x> 10,

whose associated cost-to-go function is

g(—10), z < -10,
() =q9(@), —10<z<10,
g(10), =z > 10,
where g(z) = — 5 (32 + 162 +1822) +exp(z*). At the time
step ¢ = 0 and at the initial state ¢y = 0, the Q-function is

Q7(0,up) = JT(up), which has a spurious local minimizer

at —0.523 and a global minimum at 0.938. If we choose
mo(0) = —0.523, then the induced input under = of DP is
(—0.523,—0.523) and if we choose my(0) = 0.938, then the
induced input under 7 of DP is (0.938,0.938). Both of these
input sequences are spurious local minimizers of the one-shot
problem.

One can also choose

10, < -13,
m(x)=qx+3, -13<z<7,
10, z>7,

whose associated cost-to-go function is

g(—13), =< —13,
J(x) = < g(=), —-13<2 <7,
g(7), x>1,

where g(z) = —5(3z? + 1623 + 1822 + 27) + exp(z?).
At the time step ¢ = 0 and at the initial state g = 0, the
Q-function is QT(0,up) = JT(up), which has a spurious
local minimizer at —0.523 and a global minimum at 0.938. If
we choose 7y(0) = 0.938, then the locally minimum control
policy 7 is non-spurious and its induced input (0.938,3.938)
is the global minimizer of the one-shot problem. However, if
we choose 7y(0) = —0.523, then the locally minimum control
policy 7 is spurious and its induced input (—0.523,2.477) is
the spurious minimizer of the one-shot problem.

In this example, one can observe that each strictly local
minimizer of the one-shot problem corresponds to a locally
minimum control policy of DP, which validates the result
of Theorem 4. In addition, it can be noticed that since the
minimizer of Q7 (x,-) does not bifurcate with =, Theorem 1
also holds.

Example 2: Consider the problem in Example 1 but change
c1(z,u) to Ju* — Zud — %u? + exp (2*). At the initial state
o = 0, the one-shot problem can be written as

min u
ugEAu1 EA {4 3 1

It has 3 stationary points (0,0) and ((log($))7,2(log($))%)
and (—(log($))7, —2(log(%)) 7). The later two are the global
minimizers of this one-shot problem. To understand why
(0,0) is not a local minimizer of the one-shot problem, we
take ug = u; = € and use the Taylor expansion of the
exponential function to arrive at ¢! — Tet — ¢* + exp (¢?) =
— L€t +1+0(e*), which is strictly less that 1 for sufficiently
small values of e. This implies that (0,0) is not a locally
optimal solution of the one-shot problem. The landscape of
this objective function is shown in Fig. 1b. It can also be solved
sequentially by DP. For the initial state x, it has 3 different
induced input sequences under the locally minimum control
policy: (log($))%,2(log(5))%), (—(log(3)) ¥, —2(log(§))7)
and (0,0). The first two points are the global minimizers of
the one-shot problem but (0, 0) is not a local minimizer of the
one-shot problem.

In this example, the Q-function Q7 (z,-) = c¢1(x,-) has 3
stationary points 0, —x,2z and all 3 points will merge to a
single point when z = 0 and V2Q;(0,0) = 0. Therefore,



the assumptions in Theorem 1 and Theorem 2 are violated,
and (0,0) is not a local minimizer of the one-shot problem.
This clarifies the role of the regularity conditions needed in
those theorems. On the other hand, consistent with Theorem
3, (0,0) is a saddle point (which is a stationary point) of the
one-shot optimization.

[1I. DETERMINISTIC PROBLEM WITH A PARAMETERIZED
POLICY

A. Problem Formulation

In Section II, the one-shot optimization approach is referred
to as an open-loop control, in the sense that it determines all
the control inputs at once, only given the initial state. On the
other hand, the dynamic programming approach is referred to
as a closed-loop control, in the sense that the control input of
each time step is the function of the output of the previous step
[3]. In this section, we formulate both approaches to a closed-
loop control. To achieve this, we can replace the control inputs
of the one-shot optimization with a parameterized policy. We
still optimize over a vector at once, which means that it can be
solved in a one-shot fashion. However, this method becomes
a type of closed-loop control in the sense that a function of
both the parameters at each step and the output of the previous
step determines the control input [33]. Also, it is reasonable to
adopt such parameterized policies for dynamic programming
as well, which would still be a closed-loop control. Note that
both approaches now optimize over a set of parameters so that
they can be directly compared in terms of their landscapes.
This motivates us to modify Definitions 1, 2, 3, 5, and 6 to
incorporate parameterized policies.

Definition 7: Given compact action space A and compact
parameter space O, let up(-) : RN — A be a bounded real-
valued function parameterized by # € ©, which satisfies the
continuity assumption that for all ¢ > 0, there exists § > 0
such that

601l <6= sup luo@) —pw (@) <e. O

zeR
Now, we modify the deterministic problems (P1), (P2), and
(P3) to a discrete-time finite-horizon deterministic optimal
control problem with a parameterized policy as follows:

n—1
o, 0D ; ci(xis po, (x4)) + cnln)
st @1 = filag, pe, (z;)), i=0,...,n—1,
0; € ©, 1=0,...,n—1,
xo is given.
(PP1)

Definition 8: Given a control policy parameter vector m =
(B, . ..,0n—_1), the associated Q-functions Q7 (-,-) and cost-
to-go functions J7(-) under the policy 7 are defined in a
backward way from the time step n — 1 to the time step 0
through the following recursion:

Iy (@) = en(2),
Qr (z, po(x)) = ck(z, po(x)) + Jia (fr (@, po(2))),
k=0,...,n—1,

JI(x) = QF (x, po, (x)), k=0,....,n—1.

Then, the one-shot optimization problem (PP1) can be
equivalently written as

min  Jj (zo)

PP2
S.t. 7r:(90,..., ( )

9n,1) S @n,
and DP approach can be written as the following backward
recursion:

Jn(2) = cn(x),

Jelw) = min{e(w, po(@)) + T (e, po(@)))}, T
for Kk = 0,...,n — 1. Note that m was previously defined
as a control policy (7, ..,T,—1), but we use the equivalent
definition (6o, ...,0,—1) in the parameterized case. We also
call it control policy parameter vector alternatively.

Definition 9 (local minimizer of the one-shot optimization):
A control policy parameter vector m = (6;,...,0% ;) is said
to be a local minimizer of the one-shot optimization if there
exists € > 0 such that

J§ (o) < J§ (20)

for all @ = (0, ...
(B(6:_1,6) N O).

Definition 10 (local minimizer of DP): A control policy
parameter vector m = (6§,...,0_;) is said to be a local
minimizer of DP if for all £k € {0,...,n — 1} and for all
x € RY, the policy parameter ¢; is a local minimizer of the
Q-function Q7 (, y1(.y(x)), meaning that there exists e > 0
such that

QF (z. po; (2)) < Q (@, uy(x)), V0 € B(6;, )N 6. (10)
Definition 11 (Stationary point of the one-shot optimization):
A control policy parameter vector m = (6;,...,0%_4) is said
to be a stationary point of the one-shot optimization if for all
k € {0,...,n— 1}, it holds that —V, J§ (z0) € No(6}).

Definition 12 (Stationary point of DP): A control policy
parameter vector m = (65, ...,0%_;) is said to be a stationary
point of DP if for all £ € {0,...,n — 1} and for all x € RY,
it holds that —Vg, Q7 (, pex (7)) € No(05).

Remark 5: By comparing (P2) with (PP2) as well as
comparing Definition 2 with Definition 9, notice that
one-shot optimization now considers JJ(zo) instead of
C(zo; 0o, ...,0,_1), since the two definitions are equivalent
when the parameterized policy is incorporated.

We can compare Definition 10 with the following definition:

1) € (B(#5,6) N O) x - x

Vk €{0,...,n —1}, Vo € RY, 3e}(x) > 0 such that
QR () < Q). Vi € Bly (o) i) N A,

Definition 10 considers the open ball centered at the policy
parameter in the parameter space, while (11) considers the
open ball centered at the evaluated action in the action
space. Proposition 1 establishes the relationship between these
definitions.

Proposition 1: 1f an arbitrary control policy parameter vec-
tor m = (6g,...,0;_,) satisfies (11) with inf, cgn €f(z) >0
for all k € {0,...,n — 1}, then it is a local minimizer of DP.
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Proof:  Since inf g~ €j(x) > 0, by the continuity
assumption, for every k € {0,...,n — 1}, there exists J; > 0
such that

10 = 0kl < 0 = sup |lpo(x) — po; (2)|| < inf € (z)
zERN z€RN

That is, for all 0 € B(0;,6x) N O, [lpe(w) — po: (z)]| <

e;(z) for all x € RY. Notice that Definition 7 implies that

po(x) € A for all x € RY. Thus, it holds for all z € RY that

0 € B(0,06) N O = pg(z) € B(pe; (v), e(x)) N A.

Thus, given a control policy parameter vector satisfying
(11), for all k € {0,...,n — 1} and for all # € RY, (10)
holds if one substitutes €} with dj. This completes the proof.

|

Remark 6: The converse of Proposition 1 does not hold. For
example, suppose there exists €; > 0 such that py(z) takes
the same value for all § € B(65,¢;) N ©. While this control
policy satisfies the continuity assumption, 6, is clearly a local
minimizer of DP, which satisfies (10). However, it is even
possible that pg: (z) is a strict local maximizer of QF (z, ).

Recall from Remark 1 that (2) was necessary for Theorem 1.
Also, note that the condition inf, g~ €} () > 0 is necessary
for Proposition 1. Thus, the proposition implies that if we use
our notion of a local minimizer of DP, we no longer need to
assume inf, g~ € (2) > 0 while establishing the relationship
from DP to one-shot optimization.

B. From DP to one-shot optimization

In this subsection, we will show that in the determinis-
tic case with a parameterized policy, each local minimizer
(stationary point) of DP directly corresponds to some local
minimizer (stationary point) of the one-shot optimization.

Theorem 5: Consider a local minimizer of DP n =
(65, ...,0% _1). Then, 7 is also a local minimizer of the one-
shot optimization.

Proof: Since (65, ...,0%_) is a local minimizer of DP,
there exist €f, . ..

,€r_1 > 0 such that
Jg (z0) = Qg (0, ko (20)) < QF (w0, g, (o))
= co(zo, g, (20)) + QT (1, poy (21))
(Z1 = fo(zo, g, (20)))

< co(@o, pg, (20)) + QT (21, ng, (21))
= co(wo, pg, (w0)) + c1(T1, pg, (T1))

+ Q3 (T2, poy (22)) (T2 = f1(Z1, pg, (21)))
<< JS(CUO)

where @ = (Ap,...,0n_1) € (B(6%,€) NO) x - x
(B(05—1,€,-1) N O). ]

Choose € = min{eg, ...€%_1}. Then, JT (zo) < J& (o) for
all 7 = (6g,...,0,_1) € (B(65,€)NO) x---x (B(#%_,, )N
O). This completes the proof. ]

Theorem 6: Consider a stationary point of DP 7 =
(05,...,0%_1). Let the corresponding state sequence be
(@, ... k). If for every k € {0,...,n — 1}, ug, (x1) is con-
tinuously differentiable with respect to 6y in a neighborhood

of (z},65), then 7 is also a stationary point of the one-shot
optimization.
Proof:  Notice that Vg, Ji(xz9) = Ve, Ji(z}) =
Vo, QF (x},, oz (x3)). Thus, =V, J§ (z0) € Ne(0}) for all
k € {0,...,n — 1}, which means that 7 is a stationary point
of the one-shot optimization. [ ]
Remark 7: The converse of Theorem 6 clearly does not
hold since one can generally find a point 2 € R" such that

Vo, Qi (v, oy (z1)) # Vo, Qf (2, poy (x)).

C. From one-shot optimization to DP

In this subsection, we first show that a local minimizer of
the one-shot optimization does not necessarily correspond to
a local minimizer of DP; i.e., the converse of Theorem 5 does
not hold. Then, with Remark 7, it is clear than the optimization
landscape of the one-shot optimization is more complex than
that of DP. As a by-product, if the one-shot problem has a low
complexity, so does the DP problem.

To develop a clear counterexample, we restrict the pa-
rameterized policy to a certain class as given below, which
automatically satisfies the continuity assumption defined in
Definition 7.

Definition 13: We define our parameterized policy to be
a linear combination of arbitrary linearly independent basis
functions, while satisfying Definition 7; i.e., Given m func-

tions f; : RN - RM i=1,...,mand 0 = [c1,...,cn]|’ €
63
po(x) = cifi(z) € A (12)
i=1

where there does not exist (dy, ..., dy) # 0 such that for all
x in any set of non-zero measure, the following equation holds
[34]:

> difi(z) =0.

Remark 8: Since a sle_tlof isolated points is a set of measure
zero, it is exempt from determining the independence of basis
functions. Suppose that x has a continuous distribution. The
independence of basis functions implies that if (13) holds for
all x in the support of the distribution, d; = -+ = d,,, = 0.
On the other hand, suppose that = has a discrete distribution.
Since a set of all the possible values of x is a set of measure
zero, the independence of basis functions does not guarantee
dy = -+ =d, =0 even if (13) holds for all possible values
of x.

Applications of a parameterized policy defined by Definition
13 arise in a piecewise polynomial function as well as a
stochastic control. The details can be found in Appendix A.
The usefulness of the parameterized policy also manifests
within Representer theorem [35], which shows that a linear
combination of kernels fully represents the solution for mini-
mizing empirical risk. It switches the optimization problem in
infinite-dimensional function space to finding the finite number
of coefficients. This kernel method can also be extended to
multi-dimensional vector outputs [36]. The minimum number
of parameters needed is the number of data points, which
is generally much greater than the dimension of the output.

13)



Applying this to our parameterized policy, the number of
parameters m needs to be greater than the dimension of
the action M to cover all data points. For the remainder
of this section, we call a policy satisfying m > M as an
overparameterized policy.

We now provide some evidence to refute the converse of
Theorem 5, specifically if the parameterized policy class is
a linear combination of basis functions. It turns out that
under a mild condition, a local minimizer of the one-shot
optimization does not imply a local minimizer of DP in the
overparameterized case.

Proposition 2: Consider an overparameterized policy class
defined by Definition 13. Let m = (6f,...,6%_;) be a local
minimizer of DP. If there exists at least one k € {0,...,n—1}
such that 07 is in the interior of ©, then there exists an infinite
number of local minimizers of the one-shot optimization
corresponding to each local minimizer of DP.

Proof: The proof is given in Appendix B. [ ]

Remark 9: Proposition 2 implies that for every k €
{0,...,n — 1}, O of a strict local minimizer of the one-shot
optimization does not lie in the interior of ©. Thus, one can
think of constructing the strict local minimizer by restricting
the area of ©. It turns out that given a strict local minimizer
of the one-shot optimization and the induced input sequence,
no other points can retrieve the same input sequence if © is
convex.

Lemma 3: Consider a strict local minimizer of the one-
shot optimization = = (05,...,0%_). Let (zf,...,z}) be
the induced state sequence. Suppose that © is convex and the
parameterized policy is defined by Definition 13. Then, 7 is
the unique control policy parameter vector that achieves the

input sequence (ig: (23); -, fox_ (T5_1))-
Proof: The proof is given in Appendix C. [ ]

Remark 10: If © is not assumed to be convex, the conclu-
sion of Lemma 3 does not hold, so the infinite number of
control policy parameter vectors can correspond to a single
local minimizer of DP as in Proposition 2.

Note that Lemma 3 does not necessarily imply that a strict
local minimizer of the one-shot optimization is a local min-
imizer of DP even if © is convex. A simple counterexample
can be constructed by considering the 1-step problem

coli, pole) = o) = 552 + 2)pg (@)’ +
1208 42— Dpag()? — (2 — 2% + 2% — D)o ),

2
c1(z, po(x)) =0, folw, pe(x)) = = + pe(x).

with the parameterized policy pg(x) = dix + da where 6 =
(dl,dg) and © = {(d1,d2) 01 S 2d1—d2 S 3,1 S 2d1+d2 S
3} which is convex. At the initial state xy = 1, the one-shot
problem can be written as

min

1
(d1,d2)€O© {4(d1 + d2)4 o (dl + d2)3 + (dl + d2)2} .

Each vector (dy,ds) € © with the property that d; +
do = 0 or di + do = 2 is a local minimizer of the
one-shot optimization. Among them, (1,—1) and (1,1) are
strict local minimizers of the one-shot optimization since

{(dl,dg) cdy +dy = 0} ne = {(1,—1)} and {(dl,dg) :
di +dy = 2} Nn© = {(1,1)}. On the other hand, since
VoQi (v o(x)) = Voco(a,ua(@)) = lg(x,0)a,g(z,0)]7
where g(z,0) = (1 () — (22 + 1)) (o () — ) (o (&) — (& -
1)), a local minimizer of DP should be the parameter that
yields jug(x) = 2 —1 or pg(z) = 2241 for all z € RV, Since
a linear policy cannot contain z? + 1, (1,—1) € © is the only
local minimizer of DP. Thus, (1, 1) is a strict local minimizer
of the one-shot optimization but not a local minimizer of DP.
Fig. 2 shows the domain and the landscape of the one-shot
optimization.

l’u %
020
j’u 15
F 10
fu 05
o
//" 0
05
0,

(a) Domain

(b) Landscape

Fig. 2. The domain and the landscape of the one-shot optimization
for a deterministic problem: (a) The gray-colored area is the domain of
the parameter space. The intersection between the dotted lines and the
domain is {(1,1), (1, —1)}. (b) Both (1,1) and (1, —1) are a strict
local minimizer of the one-shot optimization but only (1, —1) is a local
minimizer of DP.

In light of the above counterexample, one can think of
the situation where the parameterized policy contains every
locally minimum control policy of DP defined by Definition
3. It turns out that if such a situation is possible, under a
convex parameter space, each strict local minimizer of the
one-shot optimization is a local minimizer of DP. For this to
be true, we need the following assumptions to link between
a local minimizer of DP and a locally minimum control
policy. Assumption 1 implies that © should be large enough
to contain relevant parameters to cover the action space A.
Also, Assumption 2 can be regarded as the extension of an
overparameterized policy.

Assumption 1: Assume that A C N7_ ue(xy), where
po(xy) is the image of O through pg(z}) : © — A.

Assumption 2: Given a local minimizer of the one-shot

optimization # = (05,...,0%_,), let (z§,...,x)) be the
associated state sequence. Then, for all k € {0,...,n — 1},
the M x m matrix [fo(x}) fi(z}) ... fm(x})] has a full row

rank.

Lemma 4: Assume that O is convex. Consider a strict local
minimizer of the one-shot optimization = = (6§,...,605_1).
Suppose that the parameterized policy defined by Definition
13 satisfies Assumptions 1 and 2. If the parameterized policy
class contains every locally minimum control policy of DP and
at least one of the locally minimum control policies satisfies
inf,cpnv €f(z) > 0 for all k € {0,...,n — 1}, then 7 is a
local minimizer of DP.
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Proof: Let (xf,...,z)) be the state sequence associ-
ated with 7. Recall that J§(zo) = Y=y ci(x], pos (7)) +
QF (@, poy (7). One can fix all parameters except 05 to de-
rive that J§ (z0) = J§' (o) = QF (, 1o () — QF (v, pg (),
where 7' = (05,...,0;_1,0;,0%1,---,05_1). Thus, a local
minimizer of the one-shot optimization 7 implies that for all

k€ {0,...,n — 1}, there exists ¢ > 0 such that
QF (w7, oy (a1)) < QF(ahpg(w}), VB € B(6;,p)ne.
(14
Now, let E; be the M x m matrix
[fo(zy) filzy) ... fm(x})], where its smallest singular
value is denoted by o;. Given an arbitrary direction v € RM,
one can take a point u, that is farthest from pgx () in the
direction of v since the action space A is compact. Let d, be
the value that achieves u, = jig; (73) + d,v. By Assumption
1, there exists ¢, € O satisfying w, = pg,(z}), and by
Definition 13, pg, (z}) is defined by F}6,.
Case 1 6, = 0: There does not exist § > 0 such that ig; (z}) +
v € A.
Case 2 6, > 0 and 0, € B(0;,¢;): There exists 05 €
B(0;,¢x) N © such that pug,(v}) = pe:(z}) + ov for all
0 < § < d, by the linearity of policy and the convexity of
O.
Case 3 6, > 0 and 0, ¢ B(0},€;): Consider pg:(z}) +
WEGZH(M” (z%) — mo; (7). The corresponding parameter
is definitely in B(6},€f) N © by the linearity of policy
and the convexity of ©. Then, as in Case 2, there exists
05 € B(0},¢.) N O such that g, (r}) = pe: (2f) + dv for
all 0 < § < Wév. I\*Iotice tliat ”2”91,675(9;\|(U90(IZ) -
pox ()|l = % - W > %oy > 0, where the last
inequality is from Assumption 2 and the second last inequality
is from the basic property of singular value [37].
Considering all three cases, @ € B(uo: (z}), So5) N A
implies that at least one corresponding parameter for each
is in B(0}, €;) N ©. Thus, one can notice that (14) implies

Qk (ks poy (z)) < QF (g, 0), 5
(15)

We select an arbitrary locally minimum control policy ¢ =
(¢o, ..., Pn—1) with the property that inf, g~ €} (z) > 0.
Let # = (@p,...,Tn—1) be the policy such that for all

ke{0,....,n—1},

7 (QC ) _ /1’9;: (9572)7 if Tk = st
e ér(ry), otherwise.

Such 7 is also a locally minimum control policy by (15).
This implies that the parameterized policy contains 7. Also, 7
achieves the same input sequence (ug; (75), - -, oz (25,_1))
as the strict local minimizer 7. Therefore, by Lemma 3, Koy =
7, holds. Since inf, cgw €} (x) induced by ¢y, is greater than
0, inf, g~ €5 (x) induced by 7y is also greater than 0. Then,
by Proposition 1, 7 = (6§,...,6_;) is a local minimizer of
DP. [ |

Vil € B(ug: (x}), Zof)NA.

Remark 11: Since pg(x) is designed to be in A by Def-
inition 7, Assumption 1 is equivalent to saying that A =
po(zh) = -+ = po(x)). On the other hand, if © is not large
enough, T may not be a locally minimum control policy in
that a neighborhood of #; € © may not cover a neighborhood
of g (z)) € A. One can think of an extreme situation that
O is a line but the dimension of A is greater than 1.

Meanwhile, suppose that there exist two different locally
minimum control policies in a set of non-zero measure, mean-
ing that at some step k, m1(x) # ma(z) for all x € I where
I is a set of non-zero measure. Then, there exists an infinite
number of locally minimum control policies made up of m
and 7o by alternating between 7 (x) and m(x) along = € I,
and the parameterized policy class cannot contain all these
policies. We now present the situation that the parameterized
policy contains every locally minimum control policy of DP.

Theorem 7: Assume that © is convex. Consider a
strict local minimizer of the one-shot optimization 7 =
(05, ...,0%_1). Suppose that the parameterized policy defined
by Definition 13 satisfies Assumptions 1 and 2. If there exists
only a single locally minimum control policy of DP ¢ =
(¢0,...,®n—1) and the parameterized policy class contains
¢, then 7 is a local minimizer of DP.

Proof: Let ¢ = (6,...,0,,_;) be the parameters
associated with ¢. For all k£ € {0,...,n — 1} and for all = €
RY, ¢y () is the unique local minimizer of Qf (x,u). Having
no spurious local minima implies that inf, g~ € () = 0o >
0. Moreover, the parameterized policy class contains every
locally minimum control policy of DP. Since these facts satisfy
the preconditions of Lemma 4, this completes the proof. ®

Considering both Theorem 5 and 7, one can conclude that
under the assumptions of Theorem 7, a local minimizer of DP
is equivalent to a local minimizer of the one-shot optimization.
In other words, if DP has a very low complexity, so does the
one-shot problem.

IV. STOCHASTIC PROBLEM WITH A PARAMETERIZED
POLICY

A. Problem Formulation

In this Section, we show that the results obtained for the
deterministic problem with a parameterized policy also hold
for the stochastic problem with a parameterized policy. Since
we now take the expectation of the sum of the stage costs and
the terminal cost over the trajectories, the issue of strictness,
as in Proposition 2, does not take place. Before presenting the
related theorems, we first define the problem setting in the
stochastic case.

Definition 14: Given a complete probability space
(Q,F,P), let 2o be a F-measurable, R"-valued random
variable, which has an initial distribution p. Also, let wy
be an F-measurable, RW -valued random variable for all
k € {0,...,n — 1} such that zo,wo,...,w,_1 are mutually
independent. The state transition is now governed by the
dynamics f; : RY x AxRW = RN, i =0,...,n — 1. The
dynamics are again defined to be at least twice continuously
differentiable.



Now, we modify the deterministic problems with a param-
eterized policy, i.e., (PP1), (PP2), and (PP3), to a discrete-
time finite-horizon stochastic optimal control problem with a
parameterized policy:

n—1
W Brgi | 3 e (5)) 4 en(00)
0s5++3Un—1 i=0
st. 6,€0, i=0,....n—1,
(SP1)
where for all ¢ € {0,...,n — 1}, the state z; is determined

by fi(zi, o, (x;), w;). Notice that for stochastic problems, xg
is not given as a point, but has an initial distribution p. After-
wards, x;1 is a random variable induced by (xq, wo, . . ., w;).

Definition 15: Given a control policy parameter vector m =
(fo,...,0n—1), the associated Q-functions QF(-,-) and cost-
to-go functions JJ(-) under the policy 7 are defined in a
backward way from the time step n — 1 to the time step 0
through the following recursion:

Jn () = cn(),
Qf (x, po(2)) = By [ex (@, po(2)) + T 1 (fr(@, po(2), wi))];
k=0,....,n—1,
Ji(x) = Qf(z, po, (), k=0,....,n—1
Then, the one-shot optimization problem (SP1) can be
equivalently written as
min  E,, [J] (zo)]
™= (007 . -ae’nfl) € ®n7
as long as the cost functions ¢;, ¢ = 0, ...,n—1, are uniformly
bounded, due to the product measure Theorem and Fubini’s
Theorem [38]. In the remainder of the paper, we assume that
the two problems are equivalent.

The DP approach can be written as the following backward
recursion:

Jn(x) = Cn(x)v
Ju(@) = min{Eu, [cx (2, no(2)) + Jur1(fu(@, no(z), wi))l},
k=0,...,n—1.
(SP3)

Definition 16 (local minimizer of the one-shot optimization):
A control policy parameter vector m = (6;,...,0% ;) is said
to be a local minimizer of the one-shot optimization if there
exists € > 0 such that

Eeo [J5 (20)] < Eay [J§ (0)]

for all @ = (fp,...,00_1) € (B(85,€) N O) x --- x
(B(65_1,€) N O).

s.t. (5P2)

Definition 17 (Stationary point of the one-shot optimization):

A control policy parameter vector m = (6,...,05_,) is said
to be a stationary point of the one-shot optimization if for all
k€ {0,...,n—1},itholds that —Vg, E, [J7 (z0)] € Ne(65).

While the one-shot method aims for optimizing the expec-
tation over all steps in the stochastic dynamics, DP studies
optimizing Q-function at every step both in the deterministic
and stochastic cases. Since we have modified the definition
of Q-function to incorporate the expectation, it is natural that
the definition of a local minimizer (stationary point) of DP is
exactly the same as Definition 10 (12).

B. From DP to one-shot optimization

In this subsection, we will show that, in the stochastic case
with a parameterized policy, each local minimizer (stationary
point) of DP directly corresponds to some local minimizer
(stationary point) of the one-shot optimization, just as in the
deterministic case. However, it turns out that the state for each
step should be a continuous random variable for the stationary
points since the expectation is over all trajectories rather than
a single trajectory.

Theorem 8: Consider a local minimizer of DP =«
(05, ...,0% _1). Then, 7 is also a local minimizer of the one-
shot optimization.

Proof:
Since (65, ...,0%_,) is a local minimizer of DP, there exist
€0 -+, €n_1 > 0 such that

Eqo[J7 (20)] = Eqy [QF (w0, po (20))] < Ez, [QF (20, 11, (0))]
= Eq [co(wo, pg, (%0)) + Euw, [QT (Z1, po7 (21))]]
(@1 = fo(xo, kg, (o), wo))

< Eq [co(@o, g, (%0)) + Euo [QT (Z1, pg, (21))]]
= Eq, [co(z0, 14, (70)) + Bug [c1(Z1, 115, (£1))
+ Eu, [QF (Z2, 1o (£2))]]]
(T2 = f1(Z1, g, (T1),w1))
< -+ < Eag g, wn [ (€0)]
where @ = (Ap,...,0n_1) € (B(65,€) NO) x - x
(B(0_1,€x_1) N ©). The last inequality comes from the

assumption that the two problems (SP1) and (SP2) are equiv-
alent.

Choose € = min{e,...e:_1}. Then, JJ (o)
all @ = (0, ...,0n_1) € (B(OZ,€)NO) x---x (B(0_,,€)N
©). This completes the proof. [ ]

Now, let D%(6) be the Jacobian matrix of x(.y(x) at point
0, Di’z(a:,ug(x),w) be the Jacobian matrix of the function
fe(,me(-),w) at point x while viewing 6 as a constant,
and similarly Di’e(m,m(m),w) be the Jacobian matrix of
Jr(x, pey(x), w) at point & while viewing x as a constant.

Theorem 9: Consider a stationary point of DP =
(08,...,05_1). If forall k € {0,...,n—1},

»¥Vn—1
1) pe, (x3,) is continuously differentiable with respect to 6y,
in a neighborhood of 0} for all 2 € RY;
2) per () is continuously differentiable with respect to xy,
everywhere,

< JZ (z0) for

then 7 is a stationary point of the one-shot optimization.
Proof:

First, we will apply induction to prove that for every k €
{1,...,n},J7(x) is continuously differentiable. For the base
step, JT(z) = c,(x) is continuously differentiable. For the
induction step, observe that

V., J7 (@) = V[ QF (@ o ()]
= Valek (@ o (2)) + /Q TE 1 (ol o (), i) dp(cy)]
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=V, [Ck(x,ue; (z))] +/ V. [J&_l(fk(x’lm: (x),wk))]dp(wk)c. From one-shot optimization to DP
Q

= Vzlek(z, po; ()]

In this subsection, we first show that a local minimizer (sta-
tionary point) of the one-shot optimization does not necessarily

n / Di,x(% 116 (x), wk)Tv:l;J]:;TJ,_l(fk(xv 11 (), wy,))dp(wy).correspond to a local minimizer (stationary point) of DP; ie.,
Q

This observation is based on the existence and continu-
ity of the Jacobian matrix Di’m(:ﬂ,ugz (z),wg) due to as-
sumption 2, continuity of V.J,,(fx(w, pe: (), wy)) due
to the induction step, and therefore the continuity of
Vol i (fi(®, por (), wy))]. This allows us to interchange
integration and differentiation in the second equality by Leib-
niz’s integration rule.
Now, for k € {0,...,n — 1}, observe that

Vo, Q% (wk, proy (k)

= Vo, [eli oy (21)) + / TE 1 (e o (), i) dpoy)]

= D%, (6)"V uc(wr, po; (x1))
+/D£’9(Ik,ue;(xk),wk)T
Q

Vo dip (fe(@r, pog (k) wi))dp(wy),

which is valid because for & € {1,...,n}, J](x) is contin-
uously differentiable and assumption 1 implies the existence
and continuity of D# (6}) and Di’e(xk, toz (1), wi). Thus,
Vo, QF (zk, po, (x)) is continuous in a neighborhood of 6;
for all z;, € RY. Then, for k € {0,....,n — 1},

vaExo [Jg(l‘o)] =
/ // ngQZ(l”k,ue;(xk))dp(wk—1)~--dp(wo)dp(xo)a
RN JO Q

Now, note that J\/@(@,’;) is nonempty, closed, and convex
[31]. By the definition of a stationary point of DP, we have
—Vo, QF (x, por (x1)) € No () for all 2, € RN, To prove
by contradiction, assume that —Vg, E, [J7 (x0)] ¢ Ne(65).
Let aj denote the dimension of ;. By the separating hyper-
plane theorem, there exist p € R* and o € R such that

—p" Vo, QF (wk, poy (x1)) < a < —p” Vg, B, [JF (0)],
for all z;, € R™. Then, observe that
— p"' Vo, By [J5 (20)]

= —pT /RN /Q.../QVGkQZ(Z‘k,Me;(J:k))dp(wk_l)mdp(xo)
:/RN /Q"'/Q_pTvekQZ(x’f’“92(xk))dp(wk—ﬂ...dp(mo)

< /RN /Q.../Q—pTVQk]EzO[Jg(xo)]dp(wk_l)...dp(:co)
= ="V, B [J5 (20)],

which is a contradiction. Thus, —Vy, E,, [J7 (z0)] € No(6}),
which shows that = = (6§, ...,0%_,) is a stationary point of
the one-shot optimization. ]

Remark 12: Notice that the parameterized policy class de-
fined by Definition 13 satisfies the condition of Theorem 9
as long as all basis functions are continuously differentiable.
Therefore, one can apply the result to a linear combination of
arbitrary continuously differentiable functions.

the converse of Theorem 8 and that of Theorem 9 do not hold.
Then, it is clear than the optimization landscape of the one-
shot optimization is more complex than that of DP. In other
words, if the one-shot problem has a low complexity, so does
the DP problem.

To provide a counterexample, among the policy class de-
fined by Definition 13, we use the basic parameterized policy
o, () = agx + by, where 6, = (ay, bi,). Consider the 2-step
problem

xo =0, co(z, pg, (v)) =0,
fo(z, po, (), wo) =  + apx + by + wo,
1 1
c1(z, po, (x)) = Z(alx + b))t — i(alx +b1)% + 22,
fi(z, po, (), w1) = + arx + by + wy,

ca(z, po, (x)) = 0 where wo, wy " Uniform(\/g, \/g),

where © = [—2, 2] x [—2, 2]. The associated one-shot problem
can be written as

min

1
Eu, | = 4
—2<bo,a1,b1 <2 woly {al(bo + wo) + bl}

- %{al(bo + wo) + b1} + (bo + wo)z]

It turns out that there are 9 stationary points of the
one-shot optimization in the interior of ©: (bg,a1,b1) =
(0,£0.7071,+£0.4082), (0, £1,0), (0,0, £1), (0,0,0). Among
them, there are 4 strict local minimizers of the one-shot
optimization: (0,£1,0), (0,0, £1). On the other hand, consid-
ering Vg, c1(z, po, (x)) = [9(z,a1,b1)x, g(x,a1,b1)] where
g(x,a1,b1) = (a1 + b1)(arx + by — 1)(arz + by + 1), there
are 3 stationary points of DP: (0,0, +1),(0,0,0) and 2 strict
local minimizers of DP (0,0, £1). This verifies that a local
minimizer (stationary point) of DP is indeed a local minimizer
(stationary point) of the one-shot optimization but not the
other way around. Fig. 3 shows the landscape of the one-shot
optimization when by is fixed to 0.

Fig. 3. Landscape of the one-shot optimization for a stochastic problem:
bo is fixed to 0 in the figure. (a1,b1) = (£1,0), (0,=%1) are strict
local minimizers of the one-shot optimization but only (0, £1) is a local
minimizer of DP.



Now, we present the specific case that a local minimizer
of the one-shot optimization implies a local minimizer of
DP, similar to Theorem 7. The preconditions of theorems
are similar in the sense that they both consider the case
when DP has a very low complexity in the sense that there
is no spurious local minima at each step of DP. The main
difference between the theorems comes from whether we
consider a single trajectory or the expectation over infinitely
many trajectories. We consider this in the view of stationarity.
(see Definitions 6, 11, and 12)

Assumption 3: There exists only a single stationary control
policy ¢ = (¢o, ..., dn—1) which is also a locally minimum
control policy in the interior of A for all z € RV, The asso-
ciated parameters of ¢ are denoted by ¢’ = (6,...,0,,_1).

Assumption 4: © is large gnough to contain every parame-
ter ’ € R™ such that V/LQf (z, g (x)) is 0 for all z € RY
for any k € {0,...,n—1}, where ¢’ is defined in Assumption
3.

Theorem 10: Assume that Assumptions 3 and 4 hold. Con-
sider a local minimizer of the one-shot optimization 7 =
(65,...,0%_1) in the interior of ©™. Suppose that z} is a
continuous random variable for all k € {0,...,n — 1}, where
(x§,-..,2}) is the random state process associated with . If
the parameterized policy defined by Definition 13 contains a
single stationary control policy ¢, then 7 is a local minimizer
of DP.

Proof.'/ Since ¢ is a single locally minimum control
policy, Qi (z,u) has no spurious local minima for all k& €
{0,...,n — 1}. Thus, by Proposition 1, the corresponding
inf, cpw €;(z) = oo > 0 makes ¢’ be a local minimizer of
DP.

Consider a stationary point of the one-shot optimization m =
(05, ...,0%_;) in the interior of ©™. We will now prove by a
backward induction that 7 should always be ¢'; i.e., 05 = 0,
for all k € {0,...,n —1}.

For the base step, at step n — 1, since the parameterized
policy contains ¢, _1, it can be expressed as ¢,_1(x) =
S cifi(x), where fi : RN = RM i =1,... m, fi(z) =
[f“(x),/. oy fire(2)]T and 0),_, = (c1,...,cm) € O. Notice
that Qi—l(x’uen—l(x)) = Zfl(ajvﬂenfl(w)) since 0,1 is
the final parameter of the whole system to determine the
control inputs and the state transition. Now, observe that

vthi—l(Ia N@;L,l(l")) = qug—l(IvﬂQ;kl(x)) =0

since pgr () is a stationary point of Qf_l(x, -) in the
interior of A. Also, since O is large enough, 6/, _; should be a
unique solution for VMQ;‘{_l(x, po(x)) = 0, which yields the
following expression with pg(z) = (u1,...,upr)T:

Q51 (0, 10(w)) = V,. Q01 (@, 1o ()
(ug — ZZL cifir(z)) - g1(x)

(UM - Zl’il Cz'fiM(ﬂc)) : gM(x)
where g;(z),7 = 1,...,M, are nonnegative at u; =
> cifij(x) and positive at all the other points since ¢’
is the local minimizer of DP.

Now, let g (x) be ™ difi(x) where 0 =

n—1
(di,...,dm). Observe that according to the chain rule, the

following expression holds:

Vo, Qn_1(x, po:_ ()"
QT (g (2)TDEE: )
(5 (s — ) fu (@) - 91 (2)
(5, (i — e funr (@) - gar@) | L fiar(@) - Fmar(a)

Now, notice that Vg _ E. [JF(xg)] = 0 since 7 is a
stationary point of the one-shot optimization in the interior
of ©™. Then, observe that

v(’n—l]EIO [Jg(l’o)]
= v9n71E9€07U107---,wn72 [Qg—l (x:—la Hox _, (x:—l))] (17)
= Elo,wo,qunfz [V97L71Q271(‘T;717 Hox (x:,fl))] =0.

(16)
f11(9C) e 'fml(x)

The second equality comes from Q7 _(x, up(x)) being dif-
ferentiable with respect to the parameters due to the linearity
of the policy defined by Definition 13. Now, we substitute
(16) into (17) to derive an m-dimensional vector equation,
and multiply (d; — ¢;) with i component as follows:

M
Ewo,w0,~~~7wn72[2(dk - Ck)fkj(x:,fl)'
j=1
m
> (i =) fig(@h_1) - gj(w5-1)] =0,
i=1
for all £ = 1,...,m. We sum up the m equations and
rearrange the terms to derive the following equation:
M m
S oo (O — ) i (1)) - 055 1)) = 0.
j=1 i=1

(18)
The term inside the expectation is always nonnegative regard-
less of the distribution of xg, wy, . . . , w,—2. Now, suppose that
d; # ¢; for some i € {1,...,m}. For (18) to be satisfied,
Yot (di—c¢;) fij(x_) should be O for every j € {1,..., M}
for all possible values of x,_;. Recall from Remark 8 to
note that it is impossible to satisfy (18) since z)_; is a
continuous random variable and the policy is defined by
Definition 13, i.e., a linear combination of some independent
basis functions. Here, notice that g;(z},_;) is nonnegative only
at a single point, and positive elsewhere. Thus, d; = ¢; for all
i€{1,...,m}, which means 0}_, =6/ _;.

For the induction step, assume that 65 = 6. Again,
Qf (x, o, (x)) = QF(x,pg,(x)) holds, and thus one can
apply the same logic as the base step to obtain 6} | =6}, _,.

Thus, @ = ¢’ holds, which implies that 7 is a local
minimizer of DP since ¢’ is a local minimizer of DP. |

Remark 13: Notice that the proof leverages the fact that
m is a stationary point of the one-shot optimization. Thus,
Theorem 10 can be stated for the stationary points of the one-
shot optimization instead of the local minimizers of the one-
shot optimization.



KIM et al.: THE LANDSCAPE OF THE OPTIMAL CONTROL PROBLEM

Meanwhile, the results of both Theorems 7 and 10 state
that a local minimizer of the one-shot optimization is indeed
a local minimizer of DP. By taking the contrapositive, one
can notice that under the condition that DP has a very low
complexity, there is at most one local minimizer of the one-
shot optimization since no spurious local minima exist at
each single period of DP. This directly implies that there are
also no spurious local minima in the entire period one-shot
optimization; i.e., if DP has a very low complexity, so does
the one-shot problem.

Remark 14: Regarding Assumption 3, it may be difficult to
satisfy the precondition that a single stationary control policy
should be in the interior of A for all 2 € RY. Thus, instead,
we can relax this condition to only the domain of z; i.e., the
set of values that at least one of the states zq, x1,...,x, can
take. For example, if the state space is finite, satisfying the
condition becomes relatively straightforward.

On the other hand, the challenging part of a backward
induction in the proof arises from the fact that the state at step
k is fully determined by the previous steps, but one cannot
look at the previous steps in the backward induction. Thus,
the main idea of the proof leverages equation (18), which
incurs the fact that 0 = 6} regardless of the distribution
of xg,wq,...,wr_1. Thus, we only need the assumption
that there is a single stationary control policy with respect
to the given distribution of zg,wo,...,wy—1. This is a big
improvement from the work [28] (see Condition 4 of Section
5.4) in the sense that Condition 4 needs no sub-optimal
stationary point with respect to any possible distri/bution.

Remark 15: To determine the form of V,Q° | (x,u), it
was necessary to argue that pg  (x) should be a unique

solution for V#fol(w,u) = 0. For this to be true, there
should certainly be only a single stationary control policy.
Other than that, this is possible only when © is large enough,
which necessitates Assumption 4. Interestingly, Assumption 1
also says that the concept of © being large enough to cover
the action space is crucial even in the deterministic setting to
be able to establish a relationship from one-shot to DP. The
detailed remarks can be found in Appendix D.

Now, we present the pictorial example of Theorem 10. We
use a parameterized policy pg, () = agpz+ by, for the k™ step,
where 6, = (ag, by ). Consider the 2-step problem

ro =0, co(z, pe, () =0,
fo(, po, (), wo) = & + aox + by + wo,
ci(z, po, (2)) = (alx +b; —x—0.5)* +

)

fi(x, pe, ( 7wl) =z + a1z + by +w,

ii 5 /5
ca(x, po, (z)) = 0 where wq, wy A Um'form(—\/;7 \/;),

where © = [—2, 2] x
can be written as

[—2, 2]. The associated one-shot problem

: 1 4 4
i Eug | 7 {(a1=1)(bo+wo)+b1-0.5}"+(bo+uwo) ]

Let the action space be [—20, 20]. The action space is large
enough to have the locally minimum control policy to be

in the interior of A, which uniquely exists as (mg,71) =
(0, z+0.5). The parameterized policy class contains this policy
s (bo,a1,b1) = (0,1,0.5). Clearly, it is a local minimizer
of DP. It turns out that the corresponding one-shot problem
also has a single stationary point (0,1,0.5), which is also a
local minimizer of the one-shot optimization. Fig. 4 shows the
landscape of the one-shot optimization when b is fixed to 0.

Fig. 4. Landscape of the one-shot optimization under the assumptions
of Theorem 10: bg is fixed to 0 in the figure. (a1, b1) = (1,0.5) is the
only stationary point (local minimizer) of DP and also the only stationary
point (local minimizer) of the one-shot optimization.

Considering both Theorem 8 and 10, one can conclude
that under the assumptions of 10, a local minimizer of DP is
equivalent to a local minimizer of the one-shot optimization.
In other words, if DP has a very low complexity, the same
holds for the one-shot problem.

V. CONCLUSION

In this paper, we studied the (spurious) local solutions
of arbitrary optimal control problems through two different
formulations: one-shot (single) optimization problem aimed at
solving for all input values at the same time, and DP method
aimed at finding the input values sequentially. We introduced
the notions of spurious (non-global) local minimizers for
the one-shot problem and spurious locally minimum control
policies for DP. We proved that under some mild conditions,
each local minimizer of the one-shot optimization corresponds
to an input sequence induced by some locally minimum
control policy of DP, and vice versa. We also proved that the
control sequence induced by a stationary control policy of DP
corresponds to some stationary point of the one-shot problem.

To help better understand the quality of the local solutions
obtained by reinforcement learning algorithms, we incorpo-
rated exact parameterized policies into the optimal control
problem for both deterministic and stochastic dynamics. We
showed that each local minimizer (stationary point) of DP
corresponds to a local minimizer (stationary point) of the
one-shot optimization, but not the other way around. These
discoveries show that the optimization landscape of the one-
shot optimization is more complex than its DP counterpart, and
thus the one-shot problem having a low complexity implies
a low complexity for DP. However, under the condition that
there exists only a single locally minimum control policy,
with different technical assumptions, both deterministic and
stochastic cases yield that a local minimizer of the one-shot
optimization is a local minimizer of DP. This implies that DP



having a very low complexity implies a very low complexity
for the one-shot problem, and furthermore, a local minimizer
of both methods is equivalent.

We focused on the discrete-time finite-horizon optimal
control problem in this work. A natural future direction would
be to extend this work to the infinite-horizon stationary opti-
mal control problem dealing with Markov-Decision Processes
(MDPs) in a typical RL problem, where the policy iteration
(DP) is performed at each improvement step. On the other
hand, a limitation of this work is our restriction of the
policy class. A natural extension would be to extend the
parameterized policy class beyond a linear combination of
basis functions, such as composite functions widely used in
deep neural networks.

APPENDIX

A. Applications of a parameterized policy defined by
Definition 13

One example of the parameterized policy satisfying Defini-
tion 13 is a piecewise polynomial function. Piecewise polyno-
mial function, also called as splines, is one of the “sufficiently
rich” policy to approximate an arbitrary univariate function f.
Given the endpoints ag,...,ax+1 € R, also called as knots,
and the maximum degree of the polynomial /, one can choose
a basis function as

fisla) = {xj, if a; <z <ajq1,

0, otherwise,

fort =0,...,k,j=0,...,l. The linear combination of these
basis functions f(x) = >i; Cijfij(x) is defined in [ao, ak+1)
and indeed a piecewise polynomial function parameterized by
0 = {ci;} € REFDXUHD Sych splines or the variations of
splines are widely used for curve fitting due to their large
capacity to approximate complicated functions [39].

Another application arises when the state and action spaces
are finite in Markov-Decision Processes (MDPs). In a direct
policy parametrization, the parameters are state-action pair
probabilities, where the parameter space is defined as a proba-
bility simplex. This setting was covered in the aforementioned
works to study the rate of global convergence of policy gradi-
ent variants [23]-[27]. For that application, the function whose
value is 1 at a single state-action pair and O at all the other
pairs exemplifies one of the independent basis functions. This
indicates that the policy class not only includes deterministic
control but also handles stochastic control if the basis functions
are properly defined.

B. Proof of Proposition 2

Proof: Consider the state sequence (z3, . .., z}) induced
by a local minimizer of DP . Let k' be the index for which
0}, is in the interior of ©. Then, -, (27, ) is the action taken
at the step &', which can be expressed as y_., ¢; f;(z},) with
0;, = (c§,ci,...,c;,) by Definition 13. Since the policy is

overparameterized, m is greater than the dimension of the

action M. Then, consider the following matrix equation:

co
[folel) filal) o

fn(@})] = poz, (z51) (19)

Cm

and let F} denote the first matrix in the left hand side. F}} is
an M xm constant matrix and p-, (x},) is an M x 1 constant
vector given by x},. Since 05, = (¢, ¢}, . . ., ci,) satisfies (19),
it has at least one solution.

On the other hand, since 6}, is in the interior of ©, one
can pick €; > 0 such that B(6},,€1) € ©. Since m > M, the
dimension of the null space of F}' is greater than 0. Take any
nonzero element v from the null space. Then, for all § € R,
0, + dv satisfies (19). Thus, for 0 < § < HGTI’ 05, + 0v €
B(65,,€1) and satisfies (19), which implies that there exists
an infinite number of parameter vectors that preserve the state
and action sequence in the neighborhood of 63,. Indeed, the
induced cost is also preserved.

By Theorem 5, 7 is a local minimizer of the one-shot opti-
mization. Now, we select €3 > 0 such that J§ (z0) < J§ (o)
forall # = (6§,...,0k,...,0}_,) where 0, € B(0;,,¢2)NO.
Let € := min{ey, 2}

For 0 < § < ﬁ, B(6F, + 6v,d|jv]]) C B(8;,¢). Also,
recall 07, + v preserves the induced cost, thus J§ (zo) =
JI(x0) < JF (x0) for all 7/ = (6,...,6,...,05 ) where

7= (05,...,05+0v,...,05_ ) and 6 € B(0;,+dv,d|v|)N
©. Thus, for 0 < § < m, 0}, + 6v is a local minimizer of
the one-shot optimization, which completes the proof. [ ]

C. Proof of Lemma 3

Proof: For every k € {0,...,n — 1}, ug(z}) =
Yok cifi(xy) where 0 = (c1,...,¢m,). Let 6p =
(¢f,...,¢h, ). Since 7 is a strict local minimizer of the one-
shot optimization, yg(z}) # fig; (z}) in the neighborhood of
05 if 0 # 07; i.e., there exists € > 0 such that

mp
{0 € B, )NO: Y cifilar) = oy (i)} = {6}, 0)
i=1
Assume that there exists 0 + 05 such that Y. ¢ f;(zf) =
por (z5) where 8 = (¢1,...,Gm,). Then, for A € [0,1],
Yoici(Aef + (1 = N)é) fi(xy) = oy (xy) by linearity and
AGE+ (1 — )\)5 € © by convexity. Letting A — 1, one can
construct § # ¢} that is an element of the left-hand side
of (20). By contradiction, #; is a unique point that achieves

toy () u

D. Remarks on Assumption 4

In the stochastic case, if © does not sufficiently cover the
action space A, there can exist a stationary point of the one-
shot optimization that is not a stationary point of DP. For
example, recall Fig. 3, which shows that a stationary point
of the one-shot optimization is not necessarily a stationary
point of DP. One can truncate the parameter space to © =
[—0.5,2] x [0.1,2] to have only a single stationary control
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policy pig, (o) = 0, pg, (x1) = 1, which is a locally minimum
control policy in the interior of large enough action space since
the policy is constant.

Fig.

5. Truncated landscape of the one-shot optimization for a

stochastic problem: bg is fixed to 0 in the figure. (a1,b1) = (0,1),
(0.7071, 0.4082) are stationary points of the one-shot optimization but
only (0, 1) is a stationary point of DP. This demonstrates the necessity
of Assumption 4 for Theorem 10.

However, in the truncated parameter space, there exist two
stationary points of the one-shot optimization, (0,0,1) and
(0,0.7071,0.4082). The former is a stationary point and a
local minimizer of DP, but the latter is not a stationary point
of DP. Thus, this example necessitates large enough parameter
space for Theorem 10. Fig. 5 shows the truncated landscape
of the one-shot optimization when by is fixed to 0.
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