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Abstract

Entropy regularization is an efficient tech-
nique for encouraging exploration and prevent-
ing a premature convergence of (vanilla) pol-
icy gradient methods in reinforcement learn-
ing (RL). However, the theoretical under-
standing of entropy regularized RL algorithms
has been limited. In this paper, we re-
visit the classical entropy regularized policy
gradient methods with the soft-max policy
parametrization, whose convergence has so
far only been established assuming access to
exact gradient oracles. To go beyond this
scenario, we propose the first set of (nearly)
unbiased stochastic policy gradient estimators
with trajectory-level entropy regularization,
with one being an unbiased visitation measure-
based estimator and the other one being a
nearly unbiased yet more practical trajectory-
based estimator. We prove that although
the estimators themselves are unbounded in
general due to the additional logarithmic pol-
icy rewards introduced by the entropy term,
the variances are uniformly bounded. This
enables the development of the first set of
convergence results for stochastic entropy reg-
ularized policy gradient methods to both sta-
tionary points and globally optimal policies.
We also develop some improved sample com-
plexity results under a good initialization.

1 Introduction

Entropy regularization is a popular technique to encour-
age exploration and prevent premature convergence for
reinforcement learning (RL) algorithms. It was origi-
nally proposed in [Williams and Peng] (1991) to improve
the performance of REINFORCE, a classical family of
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vanilla policy gradient methods widely used in practice.
Since then, the entropy regularization technique has
been applied to a large set of other RL algorithms in-
cluding actor-critic (Mnih et al., 2016} Haarnoja et al.,
2018]), Q-learning (O’Donoghue et al., 2016; Haarnoja
et al.;|2017) and trust-region policy optimization meth-
ods (Zang et al., |2020)). It has also been demonstrated
to work well with deep learning approximations to
achieve an impressive empirical performance boost.
Nevertheless, the theoretical understanding of the con-
vergence of these algorithms has been rather limited
and mostly restricted to the exact gradient setting.

In this paper, we revisit the classical entropy regular-
ized (vanilla) policy gradient (PG) methods proposed in
the seminal work Williams and Peng) (1991)) under the
soft-max policy parametrization. We focus on the mod-
ern trajectory-level entropy regularization proposed in
Haarnoja et al| (2017, which is shown to improve over
the original one-step entropy regularization adopted
in [Williams and Peng| (1991); Mnih et al.[(2016) and
O’Donoghue et al.[(2016). The literature on the conver-
gence analysis of such algorithms is extremely limited.
The work [Mei et al.| (2020) has recently developed the
first set of global convergence results, which is focused
on the soft-max policy parametrization assuming access
to exact policy gradient evaluations. It remains open
whether convergence results can still be obtained in the
practical stochastic gradient setting with an arbitrary
initial point, for which there is a potentially unbounded
logarithmic policy reward component introduced by
the entropy term.

The remainder of the paper provides an affirmative
answer to the above question. We begin by proposing
two new entropy regularized stochastic policy gradi-
ent estimators. The first one is an unbiased visitation
measure-based estimator, whereas the second one is
a nearly unbiased yet more practical trajectory-based
estimator. These (nearly) unbiased stochastic policy
gradient estimators are the first estimators in the lit-
erature with a trajectory-level entropy regularization.
We show that although the estimators themselves are
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unbounded in general due to the entropy-induced log-
arithmic policy rewards, the variances indeed remain
uniformly bounded. This enables the development
of the first set of convergence resultsE| for stochastic
entropy-regularized policy gradient methods, both to
stationary points and to globally optimal policies. A
discussion about improved sample complexity results
with a good initialization is also provided.

Due to the space restriction, we leave the more detailed
literature review and notation to Sections [f] and [ in
appendix.

2 Preliminaries

Markov decision processes. Reinforcement learn-
ing is generally modeled as a discounted Markov deci-
sion process (MDP) defined by a tuple (S, A,P,r,7v).
Here, S and A denote the finite state and action spaces;
P(s'|s,a) is the probability that the agent transits from
the state s to the state s’ under the action a € A; r(s,a)
is the reward function, i.e., the agent obtains the re-
ward r(sp,an) after it takes the action ay, at the state
sp, at time h; v € (0,1) is the discount factor. Without
loss of generality, we assume that r(s,a) € [0,7] for
all s € S and a € A. The policy 7(als) at the state
s is usually represented by a conditional probability
distribution 7g(als) associated to the parameter 6 € RZ.
Let 7 = {sg,a0,81,a1,...} denote the data of a sam-
pled trajectory under policy 7wy with the probability
distribution over the trajectory as

p(716. ) = p(s0) ﬁ P(snetlsn an)mo(anlsn), (1)

where p € A(S) is the probability distribution of the
initial state sg. Here, A(X) denotes the probability
simplex over a finite set X.

Value functions and Q-functions. Given a policy
m, one can define the state-action value function Q7 :
SxA—Ras

Qﬂ-(saa) = Eah~7r(‘\sh) |:Z ’th(shaah)

snt1~P(|sn,an) Lh=0

The state-value function V™ : § - R and the advantage
function A™ : S x A - R can be defined as

Vﬂ(s) = Ea~7r('|s) [QW(Sa a)]?
AT(s,a) = Q" (s,a) = V" (s).

The goal is to find an optimal policy in the underlying
policy class that maximizes the expected discounted

2Note that our main focus here is on studying global
convergence, instead of achieving tight sample complexity
results, which we leave as future work.

SOZS,a0=a].

return, namely,

max
0eRd

V7T (p) = Esgmp[V™ (s0)]- (2)
For notional convenience, we will denote V™ (p) by the
shorthand notation V9(p).

Exploratory initial distribution. The discounted
state visitation distribution df  is defined as

S b
dz (s):=(1-7) Z Y'P(sp, = slso, ), (3)
h=0
where P(sj, = s|sp, ) is the state visitation probability
that s, is equal to s under the policy 7 starting from
the state sg. The discounted state visitation distri-
bution under the initial distribution p is defined as
dy () = Esynplds, (5)]. Furthermore, the state-action
visitation distribution induced by 7 and the initial
state distribution p is defined as v} (s, a) == d}; (s)7(als),
which can also be written as

U;(s,a) = (1=7)Esgrp Z 'yhP(sh =s,ap = alsg, ),
h=0

where P(sy, = s,ay = a|sg, 7) is the state-action visita-
tion probability that s; = s and aj, = a under 7 starting
from the state sqg. To facilitate the presentation of the
main results of the paper, we assume that the state dis-
tribution p for the performance measure is exploratory
(Mei et al. 2020; Bhandari and Russol [2019), i.e., p(+)
adequately covers the entire state distribution:

Assumption 2.1 The state distribution p satisfies
p(s) >0 forall seS.

In practice, when the above assumption is not satis-
fied, we can optimize under another initial distribution
W, i.e., the gradient is taken with respect to the opti-
mization measure u, where y is usually chosen as an
exploratory initial distribution that adequately cov-
ers the state distribution of some optimal policy. It
is shown in [Agarwal et al.| (2019) that the difficulty
of the exploration problem faced by policy gradient
algorithms can be captured through the distribution
> i

, where -2 de-
oo I

—P

. . d
mismatch coefficient defined as ‘ u

notes component-wise division.

Soft-max policy parameterization. In this work,
we consider the soft-max parameterization — a widely
adopted scheme that naturally ensures that the policy
lies in the probability simplex. Specifically, for an
unconstrained parameter 6 € RIS 74 (als) is chosen
to be
exp (8s,4)
Yaren xXp (0s.a) '

The soft-max parameterization is generally used for
MDPs with finite state and action spaces. It is com-
plete in the sense that every stochastic policy can be
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represented by this class. For the soft-max parameteri-
zation, it can be shown that the gradient and Hessian
of the function logmy(als) are bounded, i.e., for all
0 eRISIMI eS8 and a € A, we have:

|V logma(als) |, <2, |V* log7r9(a|s)||2 <1
Reinforcement learning with entropy regular-
ization. Entropy is a commonly used regularization in
RL to promote exploration and discourage premature
convergence to suboptimal policies (Haarnoja et al.,
2017; |Schulman et al., 2017 [Eysenbach and Levine,
2019). It is far less aggressive in penalizing small proba-
bilities, in comparison to other common regularizations
such as log barrier functions (Agarwal et al. 2019)). In
the entropy-regularized RL (also known as maximum
entropy RL), near-deterministic policies are penalized,
which is achieved by modifying the value function to

Vi (p) =V (p) + AH(p, ), (4)

where A > 0 determines the strength of the penalty and
H(p, ) stands for the discounted entropy defined as

H(pa ﬂ-) = Eso~p,at~rr(-\st) z _’yt logﬂ-(at|8t) .
st+1~P(-|s¢,a¢) Lt=0
Equivalently, V{(p) can be viewed as the weighted
value function of 7 by adjusting the instantaneous
reward to be policy-dependent regularized version as

™ (s,a) =r(s,a) — Mogm(als), ¥(s,a) €S x A.

We also define V" (s) analogously when the initial state
is fixed at a given state s € S. The regularized Q-
function Q7% of a policy =, also known as the soft Q-
function, is related to V" as (for every s € S and a € A)

QK(‘S? a) = T'(S, a) + pyEs'NP(~|s,a) [Vv)\Tr (Sl)] )
VY (8) = Equn(lsy [FAlogm(a] s) + QX (s,a)].

Bias due to entropy regularization. Due to the
presence of regularization, the optimal solution will be
biased with the bias disappearing as A - 0. More pre-
cisely, the optimal policy 7} of the entropy-regularized
problem could also be nearly optimal in terms of the
unregularized objective function, as long as the regu-
larization parameter A is chosen to be small. Denote
by m* and 7} the policies that maximize the objective
function and the entropy-regularized objective function
with the regularization parameter A, respectively. Let
V* and Vy represent the resulting optimal objective
value function and the optimal regularized objective
value function. |Cen et al.| (2020]) shows a simple but
crucial connection between 7* and 73} via the following
sandwich bound:

Alog | A
1-v
which holds for all initial distribution p.

V™ (0) <V (p) <V (p) +

3 Stochastic policy gradient methods
for entropy regularized RL

3.1 Review: Exact policy gradient methods

The policy gradient method (Algorithm [I)) is one of the
most popular approaches for a direct policy search in
reinforcement learning (Sutton and Bartol [2018).

Algorithm 1 Exact policy gradient method

1: Inputs: {n:}L,, 6;.

2: fort=1,2,...,7-1do
3 O =9t+ntVVft(P)-
4: end for

5: Qutputs: 6.

The uniform boundedness of the reward function r im-
plies that the absolute value of the entropy-regularized
state-value function and Q-value function are bounded.

Lemma 3.1 V{(s) < %Oﬂ%l“‘” and Q%(s,a) <

%O_gyw for all (s,a) € S x A and 0 e RIS

Under the soft-max policy parameterization, one can
obtain the following expression for the gradient of
Vi (s) with respect to the policy parameter 6:

Lemma 3.2 The entropy regularized policy gradient
with respect to 0 is

1
va(p) = ﬁEs,amv:e [esvaAi(S, a)] ) (5)

where e q € RISIAL has the value 1 at the entry corre-
sponding to the state s and action a and has 0 at all
other entries, and where A?\(&a) is the soft advantage
function defined as

A% (s,a) = Q% (s,a) — Mogma(a| s) - VY (s),
QA(s,a) =r(s,a) +7 P (s | 5,0) VY ().
Furthermore, the entropy regularized policy gradient

is bounded, i.e., VV)‘?(p)” < G for all p e A(S) and

0 e RIS where G := 2T+ log|A])
’ a1-m2 -

Furthermore, it is shown in Lemmas 7 and 14 of [Mei
et al.| (2020) that the policy gradient VV(p) is Lips-
chitz continuous.

Lemma 3.3 (Lipschitz-Continuity of Policy Gradi-
ent). The policy gradient VV{(p) is Lipschitz con-
tinuous with some constant L >0, i.e.,

[V (5) -9V ()] < - 6" -6
or a ,0° € R®, where the value of the Lipschitz
f 116*,6% ¢ RY, wh h l f the L h

87+ (4+8log|A])
(1-v)3 ’

)

constant L is defined as L :=
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The results in Lemmas are adopted from [Mei
et al| (2020).

Challenges for designing entropy regularized
policy gradient estimators. Existing works either
consider one-step entropy regularization (Williams)
1992; [Mnih et al., |2016)), KL divergence (Schulman
et all |2017), or the re-parametrization technique
(Haarnoja et al., 2017}, |2018]) (which introduces approx-
imation errors that are difficult to quantify exactly).
In general, the regularized reward r — Alog my is policy-
dependent and unbounded even though the original
reward r is uniformly bounded. Hence, the existing esti-
mators for the un-regularized setting must be modified
to account for the policy-dependency and unbound-
edness while maintaining the essential properties of
(nearly) unbiasedness and bounded variances. In the
subsequent sections, we propose two (nearly) unbiased
estimators and show that although the estimators may
be unbounded due to unbounded regularized rewards,
the variances are indeed bounded. The proofs of the
results in this section can be found in Section [ of the
appendix.

3.2 Sampling the unbiased policy gradient

It results from that in order to obtain an unbiased
sample of VV{(p), we need to first draw a state-action
pair (s,a) from the distribution v7?(:,-) and then ob-
tain an unbiased advantage function A4 (s,a)

For the standard discounted infinite-horizon RL setting
with bounded reward functions, [Zhang et al.|(2020)) pro-
poses an unbiased estimate of the advantage-function
using the random horizon with a geometric distribu-
tion and the Monte-Carlo rollouts of finite horizons.
However, their result cannot be immediately applied to
the entropy-regularized RL setting since the entropy-
regularized instantaneous reward r(s,a) — Alogm(als)
could be unbounded when 7(als) — 0. Fortunately,
we can still show that an unbiased policy gradient
estimator with the bounded variance for the entropy
regularized RL can be obtained in a similar fashion as in
Zhang et al.| (2020). In particular, we will use a random
horizon that follows a certain geometric distribution
in the sampling process. To ensure that the condition
(i) is satisfied, we will use the last sample (sg,arm)
of a finite sample trajectory (so,ao, $1,a1,---,SH,0H)
to be the sample at which Af(-,-) is evaluated, where
the horizon H ~ Geom(1 —~). It can be shown that
(sm,am) ~ v,°(s,a). Moreover, given (sg,an), we
will perform Monte-Carlo rollouts for two other tra-
jectories with horizons H', H"” ~ Geom (1 - 71/2) inde-
pendent of H, and estimate the advantage function
value Af(s,a) along the trajectories (sf,al,. .., sh)

and (s(,aq,...,s%) as follows:

AL (s,a) =Q% (s, a) = Aogmo(als) - VX(s),  (6)

where

HI
Q3 (s.a) =r (s, ap) + 37" (r (s},a;) = Alogme(a'ls"))
t=1

! A
| sp = s,a4 =a,

"

V() = X0 (r (57 ) = Mogmo(af ) | 56 = .
t=0

The subroutines of sampling the pair (s,a) from
vy (+,+), estimating Q5 (s,a) and estimating VY (s) are
summarized as Sam-SA, Est-EntQ and Est-EntV
in Algorithms [ ] and [f] in Section B3] respectively.

Motivated by the form of policy gradient in , we
propose the following stochastic estimator:

@V)\O(p) = "€sp,ag 'Ag(sHaaH)a (7)

1
-y
where sg,ag < Sam-SA(p,0,~) and Ai is defined in

@. The following lemma shows that the stochastic
policy gradient is an unbiased estimator of YV (p).

Lemma 3.4 For VV{(p) defined in (7), we have
E[VVY(p)] = VVY(p).

The next lemma shows that the proposed PG estimator
VVY(p) has a bounded variance even if it is unbounded
when 7y approaches a deterministic policy.

Lemma 3.5 For VV{(p) defined in (7), we have

~ 72+(Alog|A|)?
Var[VV{(p)] < 02, where 0° = (1_87)2 ( )(“f_ﬂlflil)z,l) )

3.3 Sampling the trajectory-based policy
gradient

Compared to the unbiased policy gradient with a ran-
dom horizon in , a more practical policy gradient
estimator is the trajectory-based policy gradient. To
derive the trajectory-based policy gradient for the
entropy-regularized RL, we first notice that the gradi-
ent VVY(p) can also be written as

VVAQ(p) :)\E[(g—vtvlogm(at|st))]+ (8)
AE[(gvlogﬂe(atlw))(i—’vtlogﬂa(at|8t))] )

0 =0
E[(gvlogﬂe(aﬂst)) (g’ytr(st,at))], (10)

where all expectations are taken over the trajectory
distribution, i.e., 7 ~ p(7|¢). The term in the
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gradient VV)\Q (p) is the gradient of the unregularized
RL objective and the terms in —@ are introduced
due to the entropy regularization.

Since the distribution p(7|0) is unknown, VVy!(p) needs
to be estimated from samples. The trajectory-based
estimators include REINFORCE (Williams, 1992),
PGT (Sutton et al., [1999) and GPOMDP (Baxter
and Bartlett, 2001). In practice, the truncated versions
of these trajectory-based PG estimators are used to
approximate the infinite sum in the PG estimator. Let
™ = {s0,a0,51,...,864-1,a5-1,55 } denote the trunca-
tion of the full trajectory 7 of length H. For example,
the commonly used truncated GPOMDP given by

91(m"16,p) (11)
H-1{ h
= Z (ZVlogm(aj|sj))’yhrh(sh,ah),

h=0 \j=0

g2(7"16, p) (12)

H-1{
=\ hz (Z Vlogﬁg(aﬂsj)) (—vh logﬁg(ah|sh)) .
=0

J=0

can be used to estimate the terms in and (@ sepa-
rately. In addition, the term in can be approximated
by the following estimator:

H-1
93(t710,p) =X 3 —+'Viogmo(an, sn). (13)
h=0

Then, the truncated PG estimator for VV) can be
written as:

YV (0) = g1 (7110, p) + g2 (7710, p) + g3(71 10, p).
(14)

Due to the horizon truncation, the policy gradient
estimator may no longer be unbiased, but its bias
can be very small with a large horizon H.

Lemma 3.6 For @Vf’H(p) defined in (14), we have
[ELoVE (o)1= v (),

<o ()\ + (7 +1)\log |ANH
-

(7 + Alog |.A|))
(1-v2 )

From Lemma we can observe that the bias is
proportional to v and thus can be controlled to be
arbitrarily small with a constant horizon up to some
logarithmic term. We then show that the truncated
PG estimator VV%¥ has a bounded variance even if it
may be unbounded when 7y approaches a deterministic
policy.

Lemma 3.7 For @Vf’H(p) defined in (14)), we have

A, 1272 + 24)\%(log |A])?
7)? (1-7)*

Var(9V{ () <

3.4 Batched policy gradient algorithms

In practice, we can sample and compute a batch of in-
dependently and identically distributed policy gradient
estimators {VV (p)}2, or {VV ()} 2, where B
is the batch size, in order to reduce the estimation vari-
ance. To maximize the entropy-regularized objective
function , we can then update the policy parameter
0 by iteratively running gradient-ascent-based algo-
rithms, i.e., 641 = 0 + % Zile @Vf’l(p), where 7; > 0
is the step size. The details of the unbiased policy
gradient algorithm with a random horizon (and the
trajectory-based policy gradient algorithm with the
horizon truncation) for the entropy-regularized RL are
summarized in Algorithm [2 (and Algorithm .

Algorithm 2 Ent-RPG: Random-horizon policy gra-
dient algorithm for Entropy-regularized RL
1: Inputs: p,\, 61, B, T, {n;}L,.
2: fort=1,2,...,T do
33 fori=1,2,...,Bdo
Sélwai‘{t <« SamSA(p,0:,7).
:ff”i «~ Est-EntQ(sth, a’ﬁt,ﬁt,'y, A).
V!« Est-EntV (st , 0,7, \).
A0t
A
end for
Perform policy gradient update: 6y, « 6, +
t B A0¢st 0 i %
uzlw i1 [esgt,ath A,\ (SHt’aHt):I
10: end for
11: Outputs: 7.

Bt o)
04— Nlog o, (s, | aly,) - V™.

Algorithm 3 Stochastic PG for entropy regularized
RL

1: Inputs: p,\, 01, B, T, {n;}1.,.

2: fort=1,2,...,T-1do

3:  Sample B trajectories {71 }B, from p(-6;, p);

4:  Compute u; = 2, @Vf’H’i(p) where
@V/\Q’H’i(p) is given by ;
Update 0441 = 0, + nyuy;
: end for
: Outputs: Or;

4 Global convergence and sample
complexity

In this section, we first review some key results for
entropy-regularized RL with the exact policy gradient
and highlight the difficulty of generalizing these results
to the setting with stochastic policy gradients. Then,
we develop the counterparts of these key results when
the stochastic policy gradient estimator, time-varying
step-sizes and a large batch size are used. Due to space
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restrictions and in order to facilitate the presentation of
the main ideas, we will mainly focus on the analysis of
the unbiased policy gradient estimator in (7). Similar
results hold for the trajectory-based policy gradient
estimator in since its bias is exponentially small
with respect to the horizon (see Lemma. We leave
the formal discussion of these results as future work.

4.1 Review: Linear convergence with exact
policy gradient

A key result from Lemma 15 of (2020) shows

that, under the soft-max parameterization, the entropy-
regularized value function VY (p) in (4 satisfies a non-
uniform Yojasiewicz inequality as follows:

Lemma 4.1 (Mei et al,| (2020))) [t  holds that
2 *
vV, = COO () = VX(p), where
* _1
c(9) = % ming p(s) ming , 7g(als)? %

It is also shown in Theorem 1 of (2020) that

the optimal policy for the entropy-regularized RL prob-
lem [4]is unique. Furthermore, it is shown in Lemma 16
of that the action probabilities under
the soft-max parameterization are uniformly bounded
away from zero if the exact policy gradient is available.

Lemma 4.2 (Mei et al.| (2020)) Using the ezact
PG (Algorithm with ny < % for the entropy regu-
larized objective, it holds that infis; ming , 7, (als) > 0.

With Lemmas and [42] it is shown in Theorem
6 of Mei et al] (2020) that the convergence rate for the

entropy regularized policy gradient in general MDPs is

O (e™):

Lemma 4.3 (Mei et al.| (2020)) Consider  Algo-
rithm 1 with the entropy reqularized objective and
soft-max parametrization and 1, = % There exists
a problem-dependent constant C > 0 such that the

following inequality holds for all t > 1:

o - 1 1+ Alog|A|  _opse
Vr(p)_vet(p)gufH _7|2|.60(t 1).
Pl (1-7)

It is shown in Mei et al. (2020) that the value of C'
depends on inf;>1 ming , 7, (a|s) > 0, where {6;}52, is
generated by Algorithm [} With a bad initialization 6,
min, ., mg, (a|s) could be very small and result in a slow
convergence rate. When studying the stochastic policy
gradient, this issue of bad initialization will create
more severe challenges on the convergence, which we
will discuss in the following sections.

One main challenge is the boundedness of iterations
under the stochastic policy gradient. If the iterations

of Algorithm [2] remain in a bounded region, then the
results of Lemma [4.3] can be easily generalized to the
stochastic policy gradient setting. However, unfortu-
nately, the iterates of stochastic gradient methods may
indeed escape to infinity in general, rendering the en-
tire scheme useless (Benaim), 1999; Borkar, 2009)). In
particular, when using the stochastic truncated PG for
the entropy regularized RL, the key result of Lemma
[42) may no longer hold true. This in turn results in the
loss of gradient domination condition in guaranteeing
the global convergence.

4.2 Landscape of a simple bandit example

To have a better understanding of the landscape of
the entropy-regularized value function, we visualize its
landscape in this section. For the simplicity of the
visualization, we use a simple bandit example (corre-
sponding to v = 0) with 2 actions, 2 parameters (61,62),
the reward vector r = [2,1] and the regularization pa-
rameter A = 1. Then, the entropy-regularized value
function can be written as 7} (r —logmy).

Figure 1: Landscape of 7 (r - logmg).

As shown in Figure [T} the entropy-regularized value
function is not coercive. When 61 goes to positive (neg-
ative) infinity and 05 goes to negative (positive) infinity,
the landscape will become highly flat. It can also be
seen that there is a line space for (61,62) at which the
entropy-regularized value function is maximum.

When the stochastic policy gradient is used, the search
direction may be dominated by the gradient estimation
noise at the region where the landscape is highly flat.
This may further lead to the failure of the convergence
for the stochastic policy gradient algorithm if the initial
point is at the flat region. However, in the next section,
we will show that the stochastic policy gradient can still
converge to the optimal policy from an arbitrary initial
point, given a sufficiently large number of samples.
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4.3 Global convergence with arbitrary
initialization

We will first show that the stochastic policy gradient
method proposed in Algorithm [2] asymptotically con-
verges to a region where the policy gradient vanishes
almost surely if a specific adaptive step-size sequence
is used.

Lemma 4.4 Suppose that the sequence {0;}2, is gen-
erated by Algorithm[3 for the entropy regularized objec-
tive with the step-sizes satisfying Yooq M = 00, Yooy N2 <
oo and n < % for all t = 1,2,.... It holds that
lim oo HVV/\‘L)‘(/))H2 =0 with probability 1.

This result follows from classic results for the Robbins-
Monro algorithm (Bertsekas and Tsitsiklis| 2000; Be-
naim and Hirsch, 1996 |Kushner and Clark, |2012|) when
an unbiased policy gradient estimator with the bounded
variance, as in Algorithm [2] is used in the update rule.
No requirement on the batch size B is needed in Lemma
[4:4] We refer the reader to the supplement in Section
[] for the details of the proof.

However, since the entropy-regularized value function
V{(p) is not coercive in # and it may be the case that
the gradient VVAQ *(p) diminishing to 0 corresponds to
0; going to infinity instead of converging to a stationary
point. In addition, the existing results (Benaim) 1999;
Benaim and Hirsch, [1996; [Kushner and Clark}, |2012)
on the almost surely stationary point convergence rely
on the assumption that the trajectories of the process
are bounded, i.e.,

sup ||0¢]| < oo, almost surely.
20

This assumption is proven to hold when the function is
coercive (Mertikopoulos et al.l [2020). However, when
the function is not coercive, as in our problem, it is very
challenging to characterize the trade-off between the
gradient information and the estimation error without
additional assumptions.

To overcome this challenge, we will use a large batch
size to control the estimation error. Then, with a small
estimation error, we can show that if the iterations with
the exact policy gradient are bounded, then the itera-
tions with the unbiased stochastic policy gradient will
remain bounded with high probability. This will fur-
ther imply that the unbiased stochastic policy gradient
will converge to the globally optimal policy with high
probability. Before presenting the theorem, we first
denote D(6;) =V (p) - V)f)t(p) as the sub-optimality
gap between V" (p) and fo(p).

Theorem 4.5 Consider arbitrary tolerance levels 6 > 0
and € > 0. For every initial point 01, there exists a con-

stant Cg > 0 such that if O is generated by Algorithm

@withm:ngmin{logT 8, o } and

TL 000 3L
T=0((6e)™), B=0 (max{(ée)fl,T}) ,

where q = %, then we have P(D(0r) <€) >1-¢. In

total, it requires O (max{(ée)_l_q, (56)_2‘1}) samples
to obtain an e-optimal policy with high probability.

The value of Cg depends on the problem parameters,
namely, |A|, |S],7, A, p, the initial point #; and the con-
stant . To facilitate the presentation, we hide the
dependency of T and B on the parameters such as
the initial sub-optimality gap D(6;), the variance of
VVY(p) defined in Lemma and the boundedness
region of the iterations with the exact policy gradient.
The definition of C’g, the exact bound on the number
of iterations T and the batch size B can be found in
the proof of Theorem in Section We refer the
reader to the supplement in Section [L0| for more details
and provide a short proof sketch below:

1. When {6;}7, are bounded, we can use Lemma
to show that D(6;) is linearly convergent up to
some aggregated estimation error.

2. Since the iterations with the exact policy gradient
are bounded, we can show that the iterations with
the unbiased stochastic policy gradient remain
bounded with high probability. This is due to
using a large batch size to control the aggregated
policy gradient estimation error.

4.4 Faster convergence with good
initialization

Theorem shows the asymptotic global convergence
of the unbiased stochastic policy gradient method for
the entropy-regularized RL problem, but its sample
complexity may be high if the initialization is not good.
In this section, we utilize the curvature information
around the optimal policy to obtain much better sam-
ple complexities under a good initialization. To this
end, we first show that, with the stochastic policy gradi-
ent, the action probabilities will still remain uniformly
bounded with high probability if the initial policy is
not too far away from the optimal one.

Lemma 4.6 Given a tolerance level § > 0, let g+ be
the optimal policy of V. (p). Assume further that Algo-
rithm[9 is run for T iterates with a step-size sequence
of the form n, = 1/(t + tg) and a batch-size sequence
B> % forallt=1,2,...,T. If to >0 is large enough,
then there exist a constant « € (0,1) and a neighborhood
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Up of mp~ such that, if mg, € Uy, the event
Qo1 = {Iilianﬂ'gt(a|s) >(1-a) Hslianﬂ‘g* (als),
ﬁwaut:L2vu,T} (15)
occurs with probability at least 1 —0.

The definition of the region Uy appears in the proof of
this lemma in the supplementary material. The proof
of Lemma[4.6] heavily relies on the fact that the entropy-
regularized value function VY (p) is lower-bounded by a
quadratic function around the optimal policy mg+ with
respect to mg. It also involves a delicate combination
of non-standard techniques, some of which are built
on a range of ideas and techniques due to [Hsieh et al.
(2019, [2020)); Met et al.| (2021)); Mertikopoulos and Zhou
(2019); Mertikopoulos et al.| (2020). We refer the reader
to the supplement in Section [T] for more details and
provide a short sketch below:

1. We first characterize the maximum amount by
which D(6;) can grow at each step. This quantity
can be large for any given t but we show that,
with high probability, the aggregation of these
errors remains controllably small under the stated
conditions on the step-sizes and batch size.

2. As a result of the above result, if D(6;) is not
too big, D(#;) cannot be too large at all times.
D(61) not being too big can be guaranteed by
the Lipschitz continuity of the entropy-regularized
value function V)!(p) and the initial condition that
g, is close to mpx.

3. Finally, we show that the entropy-regularized value
function VY (p) is lower-bounded by a quadratic
function around the optimal policy my+ with re-
spect to mg. Thus, D(6;) not being too big also
implies that mp, remains close to my+ at all times.

From Lemma, we know that, with a good initial-
ization, the policies {7y, }Z, will remain in the inte-
rior of the probability simplex with high probability.
We conclude our analysis of the stochastic PG for
entropy-regularized RL by establishing the algorithm’s
improved sample complexity when the initial policy is
not far away from the optimal policy, as stated below.

Theorem 4.7 Given some tolerance levels 6 >0 and
€>0, let mg« be the optimal policy of VY (p). Assume
that Algorithm[g is run for T iterations with a step-size
sequence of the form n, = 1/(t +1t9) and a batch-size B.
If tog > 0 is large enough, then there exist a constant
a € (0,1) and a neighborhood Uy of me+ such that, if
e Uy, it holds that

Urn

o Conditioned on Qg 1 defined in , we have

toD(6y) o?In (T +1tg)
E[D(0,)|Q0.1] < ’
[D( t)| »T] (T +19)(1-9) B(1-96)C,
e For every € >0, if
toD(61) o? In(T + to)
70V gy T Y R0)
2 Se 05 = Ca(SG

then we have P(D(0r) <€) >1-0(d). In total, it
takes (’)(}2) samples to have D(01) < € with high
probability.

The constant C,, depends on the problem parameters,
namely, |A], |S|,7, A, p, which can be found in the proof
of the theorem in the supplement. For the first claim
of Theorem by conditioning on the event Q4 7, we
can obtain the result in Lemma [4.1] with C(6) being
uniformly lower-bounded by a positive constant. Com-
bining with the smoothness, this leads to a recursion to
control the optimally gap D(07). The main challenge
here is that, after conditioning, the gradient estimation
is no longer unbiased, and therefore we need to adapt
our analysis to the new estimation error. Then, the
second claim follows from the first claim by applying
the law of total expectation and Markov inequality. We
refer the reader to the supplement in Section [I2] for the
details.

5 Conclusion

In this work, we studied the global convergence and
the sample complexity of stochastic policy gradient
methods for the entropy-regularized RL with the soft-
max parameterization. We proposed two new (nearly)
unbiased policy gradient estimators for the entropy-
regularized RL and proved that they have a bounded
variance even though they could be unbounded. In ad-
dition, this work provided the first global convergence
result for stochastic policy gradient methods for the
entropy-regularized RL, although the sample complex-
ity could be high due to the loss of curvature for some
parameter space. Furthermore, with a good initializa-
tion, we showed that the policies {mg, }7_; remain in the
interior of the probability simplex with high probability
and, therefore, an improved sample complexity can be
guaranteed.
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Supplementary Materials

6 Related work

One line of theoretical research on entropy regularization focuses on its connection to other methodologies in
RL. |O’Donoghue et al.|(2016) shows that policy gradient and Q-learning are (approximately) equivalent when a
one-step entropy regularization is adopted. The exact equivalence between these algorithms is then established in
Schulman et al.|(2017) under a trajectory-level KL regularizatiorﬁ More recently, Eysenbach and Levine| (2019}
2021)) showed that entropy-regularized RL is equivalent to POMDPs, two-player games and robust RL.

Stochastic policy gradient estimators with the original one-step entropy regularization has been proposed and
adopted in [Williams and Peng| (1991); Mnih et al.| (2016)); |O’Donoghue et al.| (2016)). For trajectory-level entropy
regularization, exact (visitation measure-based) policy gradient formula has been derived in [Ahmed et al.| (2019)
and later re-derived in the soft-max policy parametrization setting in |[Mei et al.| (2020), while stochastic policy
gradient estimators have not been formally proposed or studied in the literature. The only exception is |Schulman
et al.| (2017)), which provides stochastic policy gradient estimators with a related but different trajectory-level KL
regularization term.

The convergence analyses of entropy regularized RL algorithms have so far been focused on natural policy gradient
and trust-region policy optimization methods (Neu et al.,|2017; |Cen et al., |2020)), with the only exception being
Mei et al. (2020) that studied the exact gradient setting. The prior literature lacks convergence results for
stochastic (vanilla) policy gradient methods with (trajectory-level) entropy regularization.

7 Notation

The set of real numbers is shown as R. u ~ U means that u is a random vector sampled from the distribution
U. We use |X| to denote the number of elements in a finite set X. The notions E¢[-] and E[-] refer to the
expectation over the random variable £ and over all of the randomness. The notion Var|[-] refers to the variance.
For vectors z,y € R, let |21, |2 and |2]e denote the £1-norm, fo-norm and {e.-norm. We use (x,y) denote
the inner product. For a matrix A, A > 0 means that A is positive semi-definite. Given a variable x, the notation
a = O(b(x)) means that a < C'-b(x) for some constant C' > 0 that is independent of z. Similarly, a = O(b(x))
indicates that the previous inequality may also depend on the function log(x), where C > 0 is again independent
of z. We use Geom(z) to denote a geometric distribution with the parameter x.

3Note that this is related to but different from the widely-used trajectory-level entropy regularization later introduced
in [Haarnoja et al.| (2017).
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8 Properties of stochastic policy gradient

8.1 Proof of Lemma [3.7]

Proof. We first show that the entropy-regularized state-value function is upper bounded:

VE(5) = Envraarem, (o yossepClon [Z 7 (r (s0r0) ~ Mog s, (ax | st»]
t=0

= ﬁ >ds"(s) - [Zﬂet(a | s)-(r(s,a) - Alogmy,(a| s))]

1 .
stgt(s) (T+Alog A)
1_'7 s

< 7+ Alog | A|
ST,

<

9

where the first inequality is due to — %, w(als) -logm(als) <log|A|. Then, by the definition of Q% (s,a), we have

Q3 (5,0) = r(5,) + 1Euwop(iomy [VF ()]
F, 2(Alog|A)

1=y 1-~
7+ Aog| A
ST S
This completes the proof. O

8.2 Proof of Lemma [3.2]

This result is similar to Lemma 10 in |[Mei et al.| (2020) and Lemma S.2 in |[Ahmed et al|(2019). We provide a
proof here for completeness.

Proof. Since VY(p) = E S, mo(als)- [Qf\(s,a) - Alogmg(a | s)], taking derivative with respect to € rise to,
s~p

VN (p)
00
am 90" (s, X o
- £ 0P [08s.0) - Mogma(a )] + E Sl [ 2By L Il g
on 0Q4(s,a
:5@Q(Efé's)'[Qi(sv@-mgw(a|s>]+£p§7re<a|s>~Q%(e)
- £ ¥ 7l (04 5.0y - Mogmoal 9] 7+ E T rolal ) TP () T
Omg(al|s
:ﬁygdze(s)za:(%H.[Qi(s,a)—)\logﬂg(au)]
= ﬁESNd;B Ja~mo (als) [Vlog mo(al|s)- [Qi(s, a) - Aogmy(a | 5)]] . (17)

where the second equation is because of

1 Omg(als) _ Omp(als) 8271_0(“3):@:0'

mo(als) 00 Z 90 004 a6

Zﬂ'e(a | s)-
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Due to s’ # s, 667;9((;,‘? =0, we obtain

V() 1 Omo(als) g
=— .7 . il Sl _ 1
o =t o [l kv )
1 u dm(-|s) ! 0
AR ( d0(s,7) ) [@A(s:7) = Alogmo(-| 5)].
Since ngg‘s; = diag(w(- | s)) = 7(- | s)7(- | )7, where diag(z) denotes the diagonal matrix that has x on the

diagonal, we can write

0
g;l/()‘sfz)) B ﬁ ~dy?(s) - mo(a BE [Qi(S,a) - Alogmg(al|s)- Za:m(a |'s)- [Q?\(S,a) ~ Mogmy(a | s)]
= ﬁ ~d}(s) -mo(als)- [Qf\(s,a) - Aogmg(als) - V/\ﬂ(s)]
= % .d;e(s) -mo(a | s) 'Ai(S,a), Vae A

By stacking all components s, a into a vector, we obtain

Vi) 1
20  1-~
1

= oy Bedi? avmo(als) [ec.adS(s,0)].

S (s) Do(als)-ena- A3(s.a)

Finally, from and Jensen’s inequality, we have

V)| 1 )
232 < max 9oz ma(a | )] || moe | 5) [@4(5.) = Alog g 5]

1

=] max [Viog mg(a | s)| - max ||V)\9(3)||
-7y as s

<2(f+ AloglA|)

-2

This completes the proof. O

8.3 Subroutines for Algorithm

The subroutines of sampling one pair (s,a) from v7(-,-), estimating QA?\(& a), and estimating Vf (s) are summa-
rized as Sam-SA, Est-EntQ and Est-EntV in Algorithms and [6] respectively.

Algorithm 4 Sam-SA: Sample for s,a ~v;7(:,-)
Inputs: p, 6,7.
Draw H ~ Geom(1 —7).
Draw sg ~ p and ag ~ mg(+|so)
for h=1,2,....H-1do
Simulate the next state sp41 ~ P(:|sp,an) and action aps1 ~ 7o, (+|Sh+1)-
end for
Outputs: sp,ap.
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Algorithm 5 Est-EntQ: Unbiasedly estimating entropy-regularized Q function
1: Inputs: s,a,7v, A and 6.
2: Initialize sg < s,a0 < a,Q « (80, a0)-
3: Draw H ~ Geom(1 —~'/?).
4: for h=0,1,...,H-1do
5.
6

Simulate the next state spy1 ~ P(:|sp,an) and action apy1 ~ o (:|Sps1)-
Collect the instantaneous reward r (Sp41,ap+1) — Alogmg(an+1/sp+1) and add to the value Q: QO+
'7<h+1)/2 (7 (Sh+1,an+1) — Alog 779(ah+1|3h+1))7

end for

8: Outputs: Q

I

Algorithm 6 Est-EntV: Unbiasedly estimating entropy-regularized state-value function
1: Inputs: s,v, A and 6.
2: Initialize 5o < s, draw ag ~ 79 (-|so) and let V < r (s9,a0) - Alog g (ao|so).
3: Draw H ~ Geom(1 —~'?).
4: for h=0,1,..., H-1do
5.
6

Simulate the next state sp+1 ~ P(:|sp, an) and action apy1 ~ mo(¢|Shse1)-
Collect the instantaneous reward r (Sp11,ap+1) — Alogmg(an+1|sn+1) and add to the value ViVeV+
D2 (1 (8141, ane1) = Mog o (ans1|sns1)),
end for
8: Outputs: V.

I~

8.4 Proof of Lemma [3.4]

Proof. We first show the unbiasedness of the Q-estimate, i.e., E [Qi(s,a) | 0, s,a] = Q5 (s,a) for all (s,a) eSx.A
and 0 € R%. In particular, from the definition of Q4 (s,a), we have

E[Q%(s,a) | 6,5,a]

H,
=E lr (50,a0) + Z 'yh/2 (1 (sn,an) — Aogmg(ap|sp)) | 6,50 =s,a0 = al

=E [7‘ (50,00) + Y Lrrsnsoy"? - (r (s, an) — Nogma(an|sn)) | 0, s0 = s,a0 = a] :
h=1

where we have replaced H' by oo since we use the indicator function 1 such that the summand for h > H' is null.
In addition, by the law of total expectation, we have

E[Q%(s,a) | 6,5,a]

=Ep [ET [7’ (s0,a0) + Y, Lrrsns0y™? - (7 (snyan) = Nogmo(ansn)) | 6,50 = 5, a0 = (17H'H ; (18)
h=1

where the trajectory 7 equal to {sg,ag, $1,a1,...}. The inner expectation over 7 can be written as

E, [r (50,a0) + Z 1H/2h207h/2 (1 (sp,an) — Aogmg(an|sr)) | 0,50 = s,a0 = a,H']
h=1

= Z[ (50,a0) + 3. Lasnsoy"? - (r (snyan) - Alogﬂe(aush))] P(1)] 0,50 = s,a0=a,H’
h=1

=7(s0,a0) + 2. 2. [Lrzrshs07"" - (7 (sn,an) - Nogmg(anlsn))] - P(7)| 0,50 = 5,a0 = a, H'. (19)
T h=1
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By the definition of the probability over the sample trajectory P(7), for every h € {0,1,2,...}, it holds that
|(r (sn, an) = Alogmo(an|sn)) - P(7)]

=|(r (sp,an) — Nogmg(ap|sy)) - mo(an|sr) - P(s1]s0,a0) - mo(ails1) ...

'P(5h|5h—1a ah—l) : P(3h+1|5h; ah) ce. P(SH’|5H’—17 aH'—1) : 'We(aH'|SH')|
A
<r+4+—.
e

where the last inequality follows from P(s|s,a) <1, mg(als) <1 for all s,s" € S and a € A together with |z log x| < %
for x €[0,1]. Thus, for each trajectory 7 and N > 0, we have

N 1 A
> [1H'zh207h/2 ~(r(sn,an) - )\logﬂe(ah|5h))] P(1) < 112 (f+ g) . (20)
h=1 -

Since left-hand side of is non-decreasing and the limit as N — oo exists, by the Monotone Convergence
Theorem, we can interchange the limit with the summation over the trajectory 7 in as follows:

Er |7 (s0,a0) + ), Lrrsnsoy? - (r (sn,an) — Nogma(an|sn)) | 0, so = s,a0 = a,H’]
h=1

=T (80,@0) + Z Z [1H12h20’yh/2 . (’I“ (sh,ah) - )\logﬂ'g(ah|3h))] . P(T) | 9730 =s,a9 = a7H’
h=1 T

=r(so,a0) + . E; [lH’thO’Yh/Q (7 (sn,an) — Aogmo(an|sn))| 0,0 = s,a0 = a, H'].
h=1

In addition, for every N > 0, we have

N
r(so,a0) + Y Er [lH'zhzo’Yh/2 (7 (sn,an) = Alogmg(anlsn))| 0,0 = s,a0 = a, H'] (21)

h=1
<r (s, a0) +7*/? > E- [fy(h“)/z (r (sn,an) — Mogmg(anlsn)) | 0,50 = s,a0 = a,H’]
h=0
<r(so,a0) +v%E,, [Vfﬁp(sﬂ | s0,a0]
_y/2(7 + Mlog|A|)

<Tr+

1-+v/2
c 7+ Aog| A
To1-q/2 7

where the third inequality is due to the boundedness of the enrtopy-regularized value function in Lemma 3.1
Furthermore, since is non-decreasing and the limit as IV — oo exists, by the Monotone Convergence Theorem,
we can interchange the limit with the outer-expectation over H' in as follows:

E[Qf\(s,a) | G,S,a] (22)

N
=71 (s0,a0) + Alrim Eq [ET [Z 1H,2h207h/2 (1 (sp,an) — Mogma(ap|sp)) | 0,s0 =$,a0 = a,H’H (23)

N
=71 (s0,a0) + Alfim Z [ET [EH/ [1r7sn50] fyh/Q (1 (sp,an) — Alogmg(an|sp)) |0, s0 = s,a0 = a]] (24)
—>ooh=1
J h
=71 (s0,a0) + J\l’im Z [ET [’y (7 (sp,an) — Nogmg(aplsr)) | 0,50 = s,a0 = a]] (25)
_ S [ 5 e
=r(sp,a0) +E- [Z [’y (1 (sn,an) — Alogmg(an|sp)) | 0,50 = s,a0 = a] (26)
h=1
= Q}(s,0) (27)

where we have also used the fact that H' is drawn independently from the trajectory 7 in the first equality, the
fact that H' ~ Geom(1 - '/?) and thus Ep [1g7sns0] = 7% in the second equality, and the interchangeability
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between the limit and the summation over the trajectory 7 in the third equality. This completes the proof of the
unbiasedness of Qf (s, a).

Similar logic allows us to establish that f/)f’ (s) is an unbiased estimate of VY (s), i.e.,
E[V(s)]0,s]=Vi(s), VseS, 0eR%,

where the expectation is taken along the trajectory as well as with respect to the random horizon H' ~
Geom(l —71/2). Therefore, if s ~P(-| s,a) and a’ ~ 7y (- | s"), we have

E [Ai(s, a)] =E [Qi(s, a)-Alogmg(s|a)- V)\g(s)] = A‘i(s,a) (28)
That is, A§(s,a) is an unbiased estimate of the advantage function A§(s,a).

Now, we are ready to show unbiasedness of the stochastic gradients @Vf (p). It follows from Lemma that

ELVVY(9) 6] = Bt o {Epp o

%1 H

VOV ) 16,5 = 5.0 = an] | 6}
1 ~
= EH,(SHyaH) (EH,7(S,1:H,7G'1:H,) {ﬁesg,ag . Ag (Sé,aé) . | 0, S(,) = SH,GE) = CLH,} | 9)
1
= EH,(SH,aH) {ﬁ "€sy.an A?\ (sHaa’H) | 9} :

where we have used in the last equality. By using the identity function 1;_p, the above expression can be
further written as

1 o0
E[VVY(p) 0] = T EH(SH@H){§:1h<H esH@H'Ag(SH,GH)|9} (29)

Since Zibvzo lh-H - €span ~A§\ (sg,ag) is uniformly bounded by the boundedness of A‘i for every N > 0 and
non-decreasing with respect to N, we can interchange the limit and the expectation in by the Monotone
Convergence Theorem to obtain

V() 0= 3 b

EH7(5H,aH) {'esH,aH . Ai (SHaaH) | 0}

Z v E(‘?h,ah) {esh,ah A)\ (8h,an) | 9}
Z > P(snp=s,an=also~p,0)- €sa-AS (s,a)
h=0 seS,acA

>, €sa AS (s,a) - > Y"P(s1, = s,ap, = alsg ~ p,0)
seS,acA h=0

1
T

where the second equality is due to the fact that H ~ Geom(1 - ) and thus P(h = H) = (1 - )", and the forth
equality is due to the linearity of the integral and the finiteness of the state and action spaces. This completes
the proof of unbiasedness of VV{(p). m|

Es~d:9 ,a~7g (+|s) [eS,aAg\(sa a)] .

8.5 Proof of Lemma [3.5]

Proof. We first note that the policy gradient estimator VVY(p) can be decomposed as:

H/ ) 1’ )
A (siam) =34 (r(s), a}) - Mogma(ajls))) - S 777 (r(s],af) - Nogme(as])) (30)
i=0 j=0

—Zwl/%(sz, )= S Ao mo(alls) - 37 (s ZW’/Q/\IOgWa(a"IS") (31)
=0 7=0
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where H ~ Geom(1 - ), H' ~ Geom(1 —~/2), H" ~ Geom(1 -~'/2), (s7,a’?) ~ vyo(s,a),s0 =50 = SH,ay = GH-
To streamline the presentation, we introduce the following notations:

HI ] HII )

g(smoam) = Y APr(shal),  go(sm) = Y. v/*r(s),a)), (32)
i=0 =0
H! ] HII 2

g3(sm,am) = Y7 Aogma(alls)), ga(su) =D, v/*Alogme(af|sy). (33)
i=0 j=0

Then, the policy gradient estimator @V/\G (p) can be decomposed as:

i 1
V() =

€syapy (91(8m,am) — g2(sm) — g3(sm,am) + 9a(sm)) - (34)

By the definition of the variance and the Cauchy-Schwarz inequality, we have

Var(VY(p)) ﬁv (r(s1vanr) - ga(sm1) - g3 (11011 + ga(s11)) (35)
e (Var (g (s, am)) + Var (ga(511)) (36)

(I-7)
+ Var (g3(sg,am)) + Var (g4(sg))) - (37)

Since g1(s,a) and go2(s) are uniformly bounded, i.e., |g1(s,a)| < 1_7#1/2 and [|g2(s)| < I_WLUQ for all seS,a e A,
we must have
72 72
Var (g1 (s, amn)) < =41y Var (g2(su)) < =712y

Then, it remains to prove the bounded variance of g3 and g4. Firstly, it can be seen that

2
HI
lgs? <22 Y42 1og 7Te(aQISQ))
1=0

2
H’ . .
=22 XA log 7T9(6L§|$§)))
i=0

H' . H'
9% ZW?)(ZW (10g7ra(a§|82)))2)
1=0 1=0

A2 S i/2 a7y 2
31 172 >.7"* (logma(ails)))” |,
-7 i=0

where the second inequality is due to the Cauchy-Schwarz inequality. By fixing the state action pair (sg,ag)
and the horizon H' for now and taking expectation of g3 only over the sample trajectory 7" = {sg, ag, - - ., S5, a'%y },
it holds that

HI

7 2
> A PE oy [ og o (aflsh))?] (38)
=0

A
Evrp(rio) | l9s]” | <
p( I)[ ] 1-~1/2

Since the realizations of a; and s} do not depend on the randomness in s},,,a;,,..., sy, we have

2
Erven(riey [ (o (al]5)) 7]
2
:Es’l~p(.|a6,56)___a’H71~ﬂ—9(.|s’1_171),s’1_1~p(-|sh71,a;q,l) [(lOg 7T0(Cl2|52)) ]

2
=Bt wp(lafsp)...al~mo(1s]) [(logﬂe(leISZ)) ]

2
=B ~p(lap sh)...sip(la_y.50_,) ZAW(@HSE)(logﬁe(aﬂ%)) :
a'. €
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By checking the optimality conditions for the optimization problem

n n
max Z z;(logx;)? such that Z x;=1, (39)
i=1 i=1
it can be concluded that the maximizer for the constrained problem isxy =29 =... =12, =+ and the

n
maximum solution is (logn)?. Thus, we have ¥, .4 mo(an|sn) (log We(amsﬁl))z < (log|.A])? and

Evreneioy | (log o (ajls}))’]

SESONP,U«ONWH(“30);31"‘P('ICLOy50)~~~3h"‘17('|ah—173h—1) [(10g |A|)2]
=(log |AJ)?.

By substituting the above inequality into , we obtain that

2 A? UL i/2 TAN Y
ET'~p(T'|9) [Hg3” :IS — 1/2 Z’y ET,Np(T"e) [(10g7‘(’e(0,1|82)) ]

()\log|A|)2 i i/2
- 1= 71/2 - v
. (Alog|A])?
(1 ~1/2)2”
for every H' > 0. By taking expectation of g3 over the state action pair (sg,ap) and the horizon H', it yields
that

e [1on1*] < 2D

which further implies that Var [H 93| ] < %. Similarly, we can bound the variance of g4 as Var [H g 4H2] <

%. Finally, through , we obtain

72 o 2
Var(V,\ (p)) < (- : e ( Zl(—)\’ly1§2|¢|) )

This completes the proof.

8.6 Proof of Lemma [3.6]

Proof. By definition, we have

M8

EWVf’H@)]—vvf(p):El vmgm(aush)(zv CIOENE Mogﬂe(aglsj)))

il
o

T
AN

[
g

H
V log me(an|sn) (Z v’ Sgaaj)—)\logﬂe(aﬂsj)))

=

+
Msé

>
Il

Vtv log ﬂ'g(ah, Sh)]
H
-1

I

>
il

0

<.

=E Vv log o (an|sn) ( in (rj(sj,a;5) - Mogﬁe(aﬂsa‘)))

8

h=

+ Y Vlogmy( ah|sh)(z (rj(sj,a;) )\logﬂg(aj|sj)))

H
+A Z —y Vlogmg(ah,sh)]
h=H
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Then, by the Cauchy-Schwarz inequality and the triangle inequality, we obtain

[ELVVE (o)1= v (), <

lz Vlog mg(an|sn) ( Z o (r](shaj) /\IOgﬂ'e(aﬂSJ)))‘IH

j=H

+

E{ i V log o (an|sn) (Zvj (r(sj,a;5) - Alogm(aﬂsﬂ))”‘

+

E[/\ > —v'Vlogmo(an, sn ]H

El > |vlogmo(anlsy)| ( >, 7 (ri(s5,05) - Mogﬂe(aglsy)))]

j=H

+ Elhi [V 1log 7 (anlsh)|| (i v (ri(sj,a5) - )\logﬂe(aﬂsj)))]

j=h

+ E[/\ >4t IVlogﬂo(ah,ShH]
h=H

Since |V log g (als)]|, < 2 for all 8 € RISIMI it holds that

[ELVVY ()] - v (), QE[ ( f; 7 (r(ss.a5) - Mogfre(ajlsj')))] (40)
li (iVJ TJ(Sjvaj)_AIOgW9(aj|5j)))] (41)
h=H \j=h

+2E [A i 7t]. (42)
h=H

For the term in (40), we can rewrite it as

S - H-1
2E, l > ( > 7 (ri(s5,a5) —Alogm(aj|5j)))] = Zl > (Z v (r(sj,a;) - Alogw@(aj|3j)))],p(7)

h=0 \j=H T | h=0

Then, by following the arguments in and the Monotone Convergence Theorem, we can interchange the limit
with the summation over the trajectory 7 in as follows:

oo H-1 o
lz (Z v (TJ 5j,@ Alogﬂe(“”%)))l =2 z (Z 'YjE'r [rj(sjvaj) _)\IOgWO(aj|5j)])-

h=0 \j=H

Due to - Y, m(als) -logm(als) <log|A|, the term in can be upper bounded as

H-1/[ oo - =)
2ETlZ (Z v (ri(si a5) = /\logm)(ajlsg)))] 2(7 + Alog | Al) Z (Z};W)

h=0 \j=H =

2(7 + Mog |A|) Hy
1-v

Similarly, we can interchange the limit with the summation over the trajectory 7 in and upper bound it as

QEli (i’yj (rj(sj,aj)-Alogm(aj|sj)))] <+ Mogld) 3 3 7

h=H \j=h h=H j=h
<2(77+ Aog |AH
-2
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For the term in , it can be easily bounded as

b5

=H —7.

This completes the proof. O

8.7 Proof of Lemma

Proof. By the definition of the variance and the Cauchy-Schwarz inequality, we have
Var(VVy" () =E [(91 (77116, p) + g2 (77116, p)) + g3(v""16, p))
~E[g1(7"16, )] - Elg2 (+7'10, )] - ELgs(+"10, 9)]) "]
<3E[(91(7""10, p) ~ ELg1 (™10, )1)*] + 3E[(92(7""10, p)) ~ E[g2(7"[0, p))])*]

+3E[(g3(7""10,)) ~ ElLgs (16, p))])*]
=3 (Var(g1 (7110, p)) + Var(ga (16, p)) + Var(gs (7716, ))) (43)

As shown in Lemma 4.2 of Yuan et al.| (2021), the fact that |V logmg(als)|, < 2 for all 6 € RISIAI directly implies
that Var(g; (7710, p)) < =22~ for all f ¢ RISIMI

Similar, due to |\V10g779(a|s)\|2 < 2 for all @ € RISIMI it can be verified that Var(gs(7716, p)) < ﬁ for all
6 e RISIAI

Then, it remains to prove the bounded variance of gs. Firstly, it can be observed that

g2l =A

H-1{ h o o
Z (Z Vlogmg(aﬂs;-)) (—’yh logma(aZISZ))“

h=0 \j=0

<—-A

ﬁmm

} . . . .
(Z HVlogwe(az-I%)H)vh log o (aj|s},)
-1

h+1)7" log mg(ajs},)-

Mm

<-2A

h=0

where the first inequality is due to the triangle inequality and the second inequality is due to ||V log 7r9(a§-|8§-)|| <2.
Then, by taking the suqre of |g2|, we obtain

2
oo <32 (3 (h + 1)y 1ogm(ah|sh>)

(

( (h+1)\/_\/_log7rg(ah|sh))
g4/\2( (h+1)%y )(Zv(logﬂg ah|sh)))
(

(

pa i
(h2 +2h + 1)7h) ( Z 5 (logﬂg ah|sh)) )

Ay 2y 1
T e RRCEICEDY

H-1
—4A2((3+;)3) ( Z gl (logﬂe(aﬂsh)) )

Where the second inequality is due to the Cauchy-Schwarz inequality and the last inequality is due to Y5, h2~h =

1

A o = s and £i207" = 1
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By taking expectation of go over the sample trajectory 7, it holds that

2 of v+1 =
Erepteiny [I921°] <3 | 7555 ) X " Ereptoiny [ (080 ailsi) ] (44)
Since the realizations of a}'L and s}z do not depend on the randomness in Sp41,ap41,...,SH, We have

Ex-pirioy | (log maajls)) |
i.i1)2
:ESO"‘P,GO"‘WG(“30);31Np('|a0,50)~~~aH—1N779('|5H—1)75HNP(‘|5H—17aH—1) [(log 7r9(ah|5h)) ]

ARANY
:ESo~P,ao~7Te('\So)7S1~P('|ao,50)---ah~ﬂe(‘\Sh) [(10g7‘r9(ah|sh)) ]

i0.d\)2
:ESONPW/ONT"S("50);51"‘p('laoaso)---Sh"‘p('lahfl7Sh—1) [ ZAWG(ahLSh) (10g 7T9(ah|5h)) ] .
ap€

As proved earlier in Lemma, we know that the maximizer for the constrained problem (39)) is x1 = xg =+ =
Tn = = and the maximum solution is (logn)?. Thus, we have ¥, .4 mo(an|sn) (logma(ajsh))” < (log]A[)? and

iy )2
ETNP(T\Q) [(logﬂ'e(ahbh)) ] SESo~p,ao~ﬂ’9('|So)731NP('\ao,So)mshNP('\ah—l,Sh,—1) [(log |A|)2]
=(log |A])?. (45)
By combining and , we have

Var(g2) <E;.,(+/0) [Hg2 HQ]

H A 2
34/\2((1“71 )hZ T~p(f|e>[(10g7ro(a2|82)) ]
H-
E

S“2(<1 )

<8A2(10g|v4\)2
Cod-nt

7" (log|A])®

Finally, by substituting Var(g; ), Var(gz) and Var(gs) into , it holds that

12\ 1272 + 24)\2(log | A|)?
2 + 4 :
-7) (1-7)

This completes the proof. O

Var(V () < 7

9 Proof of Lemma [4.4]

We first introduce some useful results before proceeding with the proof. The following result describes the
asymptotic behavior of the true gradient when an unbiased gradient estimator with a bounded variance is used in
the update rule.

Proposition 9.1 (Proposition 3 in Bertsekas and Tsitsiklis| (2000)) Consider the problem max .ga f(x),
where RY denotes the d-dimensional Euclidean space. Let {zi}i20 be a sequence generated by the iterative method
Xp1 = Tp + e (ug +wy ), where 0, is a deterministic positive step-size, u; is an update direction, and wy is a random
noise term. Let F; be an increasing sequence of o—fields. Assume that

1. f is a continuously differentiable function and there exists a constant L such that

IVf(z)-Vf(@)|<L|z-z|, Va,zeR%
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2. x; and uy are Fy—measurable.

3. There exist positive scalars ¢; and cy such that
a [V <Vf@) T, uwl <+ [VF)]), VEe{1,2,...}.
4. We have
ElwiF] =0, E[Jw]*|F:] < A(L+ [ 9f ()],
for all t € {1,2,...} with probability 1, where A is a positive deterministic constant.

5. We have

Nt = 00,

Nk
M8
T
AN
8

~
Il
Ju
~
Il
Ju

Then, either f(xzy) — oo or else f(x;) converges to a finite value and limy, o V f(2) = 0 with probability 1.

9.1 Proof of Lemma [4.4]

Proof.

To prove Lemma it suffices to check the conditions in Proposition for the objective function V! (p) and
the update rule 0y41 = 0 + 1, (uy +wy ), where u; = VVft(p) and wy = @V‘(p) - VV;)t(p).

1. From Lemma we know that Condition 1 in is satisfied with L = %.

2. Condition 1 in [9.1]is satisfied by the definition of §; and YV (p).
3. Condition 1 in 0.1]is satisfied with ¢; =1 and ¢3 = 1.

4. From Lemma and we know that Condition 4 in is satisfied with A = (1_8,Y)2 (Fzzl(:\}ﬁ%‘;;l)z )

5. Condition 1 in [9.1]is satisfied by the definition of ;.

In addition, it results from Lemma wee know that the entropy-regularized value function V)‘? (p) is bounded.
Thus, by Proposition we must have lim;_, o VV/\Q *(p) = 0 with probability 1. This completes the proof.

10 Proof of Theorem 4.5

We begin by introducing some helpful definitions. Let {f;}; denote the iterates of the algorithm with the exact
PG (Algorithm [1f) with »; < ﬁ starting from the initial point 6;. Let 8%, which depends on the initial point 64,
be the optimal solution that the Algorithm [I] will converge to. Then, by Lemma [£.2] there must exist a bounded

constant A such that ||§t -0 5 < A for all t = {1,2,...}. Then, with a fair degree of hindsight and for some § > 0,
we define the stopping time for the iterates {6;}7; as

1\ -
7= min {t| 16: - 6%, > (1 . 5) A}7
which is the index of the first iterate that exits the bounded region
1\
GO {9: 10-06°, < (1+5)A}.

Furthermore, we define the constant
CO =min C(6),
5 6eg0 ( )

where C'(0) is defined in Lemma Finally, we define D(6;) = |6, — 6*|,.
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Lemma 10.1 Suppose that f(x) is L-smooth. Given 0 < n; < i for all t > 1, let {x;}L, be generated by a
general update of the form Ty = x4 + mpuy and let eg = ug — V f(xy). We have

f<xt+1>>f<xt>+ = tnetni-

Proof. Since f(f) is L-smooth, one can write
f@e) = f(@e) = (ug, xeen — 24)

1
=f(@ee1) = f(@e) = (Vf(@1), 2001 = 2e) + (Ve (V[ (21) = ), ﬁ(xm )

L b
> = 3 s —al® = VI @) — il -

_ L 2 bnt
=( 2o 2)Hﬂfm Ty -

2
lzee1 — 2 ||2

2b
H tHZa

where the constant b > 0 is to be determined later. By the above inequality and the definition of x4,1, we have

1 L b
f@en) 2f () + (u, Ter — ) - (m + 5) |z — 2 ||§ nt le t||2
o o Loy o bn
=f(@e) +mlwel® = (o7 + =5) [l - =* el
2b 2
By choosing b =1 and using the fact that 0 <7, < 2L, we have
ne L} 2 My 2
f(@en) 2f (@) + (* - 7’5) |5 - o letll>
U 2
>f () + 2 HUtHz ”etHQ'
This completes the proof. O

Lemma 10.2 Let e; = VV/\et (p) — uy, where u; = & vE, @Vf"i(p) and @Vf“i(p) is an unbiased estimator of
VVf‘(p). If e =n < 5=, then

502

o\T-
ELD(6r)1,51] s( ”805) D)+ oo

Proof. Let F; denote the sigma field generated by the randomness up to iteration t. We define E' := E[-|.F;] as the
expectation operator conditioned on the sigma field F;. Since VV)\G (p) is L-smooth due to Lemma it follows
from Lemma [I0.1] that

E'[D(0r41) — D(0) 1ot =E* [V () = VY™ (p)] 11t

<& [t 2 ] e

& '_,||ut_wef<p>+vv9t<p>|| + 3 netug]

E ———||ut—va*(p)|| "||vv9f<p>|| + el 1
:Et— DIVl + 5 ledl3] 1

[ 77C(9t)

1€ g,) + |et|§] Lo,

for every n < 5 L, where the second inequality uses the fact that u; is an unbiased estimator of VV;? t(p) and the
last inequality is due to Lemma [.I] We now consider two cases:
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e Case 1: Assume that 7 > ¢, which implies that 6; € G and C(6;) > C?. Then,
CO
el < (1- 150 Do) « el 7],

e Case 2: Assume that 7 <t which leads to
E[D(9t+1)|ft]17—>t = 0

Now combining the above two cases yields the inequality

eI F o <1 200+ e[ 1.

(-2 )D<at>1f>t+e[|etn 7).

In addition, conditioning on F; yields that
E[D(Op41) 17541 Fe] SE[D(Or41)175¢|Fi] = E[D(0r11)|Fi J1754,

where the last equality uses the fact that 7 is a stopping time and the random variable 1,.; is determined
completely by the sigma-field F;. Taking the expectations over the sigma-field F; and then arguing inductively
gives rise to

¢ 0 t 0\*
LD i) <[ (1- 555 ) D0+ 3 (1- 262 ) e e

0 8 8 8
t
nC? 502
<|l1-—2] D(#
By setting ¢t + 1 =T, we obtain that
T-1
nCy o?
E[D(GT)17—>T] < (1 - 3 ) D(91) + COB
This completes the proof. O

Lemma 10.3 Let e; = VV)?” (p) — u, where u; = % vE, @Vft’i(p) and @Vft’i(p) is an unbiased estimator of
VV)\O‘ (p). Then, it holds that

§-n-T-(1+nL)T .o

P(r<T)< _
(r<T)< x5

Proof. By the triangle inequality and the fact that the iterations of the algorithm with the exact policy gradient
are bounded by A, we have

D(6;) < |6, - 64,

i, = |0~ ], + A

Using the update rule of the algorithm with the exact policy gradient VVf i(p) and the stochastic policy gradient
up = % Zj'; @Vfi’j (p), one can write

t-1 _
D(6;) = ’((m > miui) = (01 + vave (P)|| +A
i=1 i=1 2
t-1 3. _
< _VV/\z(p)HzJFA
=1
-1 0. 9. 0. x
=Y ui = YV (o) + IV (0) - vV () + A
=1
t—1

i lleill, + ZmL 16; - 0; H2+A
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By expanding H@z -0 H2 recursively, it can be concluded that

t—1 _ t-2 _ _
D(0;) <3 milleilly +mea L[| 0ry = Ora |, + D mil |0: = 0], + A
i=1 i=1

t—1 t—2 t-2 _ t=2 _ _
< Z n; ||eilly + me-1 L Z nilleilly +me-1 L? Z i ng - 9iH2 + > niL ”01 - 91”2 +A
; ; ; =1

-1 _ _
= Zm ‘BZHQ +n-1 L Zm ‘eZHQ + Z (nzL+77t 1L ) ”91 - 0i||2 +A
=1
-3
< Z nilleilly +ne-1L Z nilleilly + (-2 L + me—am—2L?) D" mi fleall,
=1 =1 =1
-3 _ _
(2L +neam—oL?) L+ (L + i L)) [ 0; - 0|, + A
=1
t—l -2 =3
i leilly +m—1 LY i ledlly + (=2 L + ne—1m—2L?) > mi [leil,
z=1 i=1 i=1
t—4

((ﬂt oL +ng-1mi-2L )77t—3L + (TIt—3L + 77t—177t—3L2)) HeiHQ
=1
-4 - -

((me-2me-sL? + me-1ne-ome-s L) ni L + (-3 L + m—1me—3 L) m;) | 0; - 6; H2 +A

[uy

1=

t—1 t—1 B
=2 m [ (L+n;L) el + A
i=1 J=i+1

Then, by the definition of 7 and Markov inequality, we obtain

P(r<T) =P( rlnaXT}D(et) >(1+ %)A)

T-1  T-1
<P(ym [T (LemiL) feify+ A2 (1+ < )A)
=1 J=i+1
Sia ni s (L+n L)E[eil ]
< lA
521 Vi TS (L L)E[Jeil o)
A
bn(Ls nL)T-{z?:al Elleil,]
< X ,
where we use the fact that 7, =7 for all # € {1,2,...}. Furthermore, since E[|e;],] < \/E[]e:[5] < %, we have

§-n-T-(1+nL)T 1.0

P(r<T)< _
(r<T)< B

This completes the proof.
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10.1 Proof of Theorem [4.5]

Proof. By combining Lemmas and we obtain that

P(D(0;) 2 ¢) <P(7>T,D(6;) 2€) +P(r <T,D(0;) > ¢)
E[1-7D(6:)]

gf+P(TST)
<(1_77C§)T1D(91)+ 502 6.1 (1+yL)" o
- 8 € CYBe AB
_s oy

<(1_77C((;))”C§ s D(91)+ 502 +5-7]'T~(17-t-17L)T71~0
- 8 € CYBe AB

nch
A D(91)+ 502 +6~77~T-(17+77L)T‘1~0
"2 € C9Be AB ’

where the second inequality holds due to the Markov inequality, and the last inequality holds because of
(1- %)m < % for all m >1 and % > 1. By taking n < min{logT 85, = }, we obtain

TL > CY’ 2L
C’glogT loe T T_1
1 D 2 6-logT - (1+ =26~ -o
P(D(6;) >¢) <= * (1) + o0 + & (7 )
2 € CgBe ABL
0 log
AT D0 | 50?8l T (1 ) mr s o
2 € C’gBe ABL
clogT
<1 st D(61) N 502 +5~logT~T-a
2 € CYBe ABL
1 D(01)+ 502 +6-10gT-T'cr
T% € CYBe ABL ’

where we have used (1 + :I:)l/ T < e in the third inequality and a™® = b in the last inequality. To guarantee
P(D(0:) > €) < 0, it suffices to have

8L

3D(6,)\ T2 . 1502 30

T=0[|=—+ d B=0 — T-logTt].
(( e ) )an (max{cgea’AL ©8

It total, it takes

- 8L +1 16L
O(maX{GCSIHQ ’€C21n2})
samples to have P(D(6;) > €) < 4. ]

11 Proof of Lemma [4.6]

We first introduce some useful results before proceeding with the proof.

Lemma 11.1 The entropy-regularized value function Vf(p) 18 locally quadratic around the optimal policy my«.
In particular, for every policy policy mg, we have

Aming p(s)

D(6) >
(0) 2 2In2

|7r9(a|s)—7r9*(a|s)|2, VseS,ae A
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Proof. 1t follows from the soft sub-optimality difference lemma (Lemma 26 in |Mei et al.| (2020))) that

Vi (p) =V (p) iZ[d”(S) A D (mo(- | ) |- (- | 5))]

1
1-

21n22[’)(8> I | 5) = 0| )]

\%

Z[d”@() N sisimC 1) -me (93]

Q

25105 2 [65)- I 1) =70 )]

S

21 2[p( s)|mo(-| s) ~mo-(-| s)[3] VsesS

S Aming p(s)

> Imo(a|s) —ma(a|s), VseS,aceA,
2In2

where the first inequality is due to Theorem 11.6 in |Cover| (1999) stating that

D [P() | QO] 2 5= 1P() - QO

212

for every two discrete distributions P(-) and Q(-). Moreover, the second inequality is due to dj¢(s) > (1 -7)p(s)
and the third inequality is due to the equivalence between £1-norm and f>-norm. This completes the proof. 0O

Lemma 11.2 Suppose that {0;} is generated by Algomthml wzth 0<m < m for allt>1. We have

c(o
D) <(1-EO ) gy - s ey,
4 2 4
where & = (e, VVY*(p)) and e, = VVY*(p) - VVY* (p).
Proof. Since VV(p) is L-smooth in light of Lemma it follows from Lemma that

D(0r+1) - D(0:) <~ (P)“ . HetHQ

g—fllvvf’f(p) vvf’t(p)WVf"(p)H * tHetHg

- 4 VI (p) - vV V‘”( )H e, YV (p) +
va"t( s - et,vve‘(p)) Het\lz

< ”tc(et)D(et (t,vV"*(p))+ 4 el

2

for every n; < 5 L, where the last inequality is due to Lemma This completes the proof.

We now encode the error terms in (46]) as

My, =Y mbs,
=1
and

Sp =

HM:

Ui 2
e

(46)

A 2
5 letla

(48)

Since E[£,] = 0, we have E[M,,] = M,,_1. Therefore, M,, is a zero-mean martingale; likewise, E[S,] > S,-1, and
therefore S, is a submartingale. The difficulty of controlling the errors in and lies in the fact that the
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estimation error e, may be unbounded. Because of this, we need to take a less direct, step-by-step approach to
bound the total error increments conditioned on the event that D(6,) remains close to D(6*).

We begin by introducing the “cumulative mean square error”
R, =M2+8,.

By construction, we have

1
Ry = (Mp_y + &) + Spy + o len|?

1 2
=Ry_1 +2M,_1mn&n + 777215721 + Znn len|

Hence,
E[Ra] = Rot + 2M B 6] + RE[€2] + 00 [Jenl?] 2 o,
i.e., R, is a submartingale. With a fair degree of hindsight, we will choose € > 0, and define U and U; as:
U={reA(A)S: D(r) <2+ E}. (49)
We also assume that mp, is initialized in a neighborhood U; € U such that

Uy c{me AA)IS: D(m) < e} (50)

To condition it further, we also define the events
D =Qp(e) ={mp, eU for all t=1,2,...,n}

and
E,=E,(¢)={Ri<eforallt=1,2,...,n}

By definition, we also have Qy = Ey =  (because the set-building index set for k is empty in this case, and
every statement is true for the elements of the empty set). These events will play a crucial role in the sequel as
indicators of whether my, has escaped the vicinity of my«.

Let the notation 14 indicate the logical indicator of an event A ¢ Q, ie., 1y(w) =1 if we A and 14(w) =0
otherwise. For brevity, we write F,, = o(01,...,0,) for the natural filtration of 6,,. Now, we are ready to state the
next lemma.

Lemma 11.3 Let my« be the optimal policy. Then, for alln e {1,2,...}, the following statements hold:
1. Q,,19Q, and E,;1 € FE,.
2. E,.1SQ,.
3. Consider the “large noise” event

E,=Ey, \E,=FEn,_.1n{R, >¢}
={R;<¢e forallt=1,2,...,n-1 and R, > ¢}

and let Rn =R,1g, , denote the cumulative error subject to the noise being “small” until time n. Then,

2 ~
% ~eP(Epq). (51)

E [Rn] <E [Rn—l] + G202 +
By convention, we write Eo =g and Ro =0.

Proof. Statement 1 is obviously true. For Statement 2, we proceed inductively:
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1. For the base case n =1, we have Q1 = {mg, €U} 2 {mg, €Uy} = because 7y, is initialized in U CU. Since
FEy =€, our claim follows.

2. For the inductive step, assume that E,,_; € €, for some n > 1. To show that E,, € Q,,1, we fix a realization
in F, such that R; <e for all t=1,2,...,n. Since E, ¢ F,_1, the inductive hypothesis posits that €2, also
occurs, i.e., mg, €U for all t =1,2,... n; hence, it suffices to show that my,_ , €. To that end, given that
mo, €U for all £ =1,2,...n, the distance estimate readily gives

n+1

D(0t+1) SD(@t)-kntft-ﬁ-%”etHg, Vt=1,2,...,n.
Therefore, after telescoping, we obtain

D(0,41) <D(01) + My, + S < D(01) +\/Rp+ Ry <e+\/e+e=2e+/¢
by the inductive hypothesis. This completes the induction.

For Statement 3, we decompose R,, as

Rn = RnlEn,l = Rn—llEn,l + (Rn - Rn—l) 1En,1
= Rn—l 1En_2 - Rn—l 1E~"71 + (Rn - Rn—l) 1E7,,_1
= Rn—l + (Rn - Rn—l) lEn,l - Rn—llﬁ'

n-1

where we have used the fact that F,,_1 = En_Q\En_l solp, ,=1g, ,-15 | (recall that F,_1 € E,_2). Then, by
the definition of R,,, we have

1
Rn - Rn—l = 2Mn—17ln£n + 77727,63 + Znn ”671H2

and therefore

1 2
E[(Ru ~ Ru-) 15,,) = 200 [Mor&ale, ]+ E (€10, ] + ([ lea] L., |. (52)

However, since F,,_; and M,,_; are both F,-measurable, we have the following estimates:

e For the term in , by the unbiasedness of the gradient estimator shown in Lemma we have:
E [Mn—lgnlEnq] =E [Mn_llEn—lE [én | ]:n” =0.

e The second term in is where the conditioning on F,_; plays the most important role. It holds that:
E[€1p, ] =E[1. E[(en. vV () | 7]
<E[1p,, [V ()] E[lenl’ | 7]

<E[tn, [V DI E[leal? | )]

< G%5?

where the first inequality is due to the Cauchy-Schwarz inequality, the second inequality follows from
E,_1 €, and the last inequality results from Lemmas [3.2] and [3.5]

e Finally, for the third term in , we have:

2
M 2 no
TE[lenlse,, )< o (53)

Thus, putting together all of the above, we obtain:

nnJZ

E[(R, - Rnu1)1p, ] <G%0%n? + B

Since R,_1 > ¢ if En_l occurs, we obtain
E[Rn1lp |2€E[15 ]=cP(En).
This completes the proof of Statement 3. m|
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Lemma 11.4 Consider an arbitrary tolerance level § > 0. If Algorithm[3 is run with a step-size schedule of the
form n, = 1/(t +to) for some sufficiently large m >0 and a batch size schedule By > T]%, we have

P(E,)21-6 foralln=1,2,...

Proof. We begin by bounding the probability of the “large noise” event E,, = E,_1\E, as follows:

P(En) =

P( nl\En) P( nln{Rn>€})
E[lp, . x1ir,5e]
Elle,.
B[R

IA

1g, ., x (Rn/e)]

nl/e

which is derived by using the fact that R, >0 (so 1(g,>c} < Rn/s). Now, by summing up 7 we conclude that

Hence, combining the above results, we obtain the estimate
n - n O_ n o
P(Ek)< — — S —,
; (k) 4Be Z e Z b7 4e

where T'= 3.5°, 72 = Y52, (t + o) 72, and we have used the relations that Ry =0 and Ey = @ (by convention).

By choosmg to to be sufficiently large, we ensure that 2-X < §; moreover, since the events E; are disjoint for all
t=1,2,..., we obtain

Hence,

as claimed.

11.1 Proof of Lemma [4.6]

Proof. To begin, define U and U; as in and . Moreover, with a fair degree of hindsight, we define Uy as

U = {7‘(’ e A(A)S: |7 = mos |5 < Li}

: 2
where € < min {()‘m%ng(q)) (aming 4 Tp+ (a|s))4 , 1} and L, is the upper bound on the norm of the exact gradient

of Vi'(p) with respect to the policy m. The existence of such upper bound L, is warranted by Section 4 in
Agarwal et al|(2019) and the Lipschitz continuity of the discounted entropy H(p, 7). Then, by construction, we
have

Uy SU,.
Since the sequence (), is decreasing and €, 2 F,,_; (by the second part of Lemma , Lemma yields that

P(Qr)>infP(Q,)>infP(E,-1)>1-§

provided that ¢y is chosen large enough.

Now, it remains to show that Qr ¢ Q, 7. We fix a realization in Qp such that D(6;) < 2e+\/eforallt=1,2,...,T.
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By Lemma |11.1] we have

[ 2D(6,) In2

im0, (a | 5) — mo- (] )] <y | 220102
Aming p(s)
- Aming p(s)

_\ Aming p(s)

<aminmg«(a|s),
s,a

where the second inequality is due to the condition that the event Q7 occurs, the third inequality is due to € < /€
when € <1, and the last inequality is due to the definition of e. Now, it can be easily verified that

7o, (a]s) 2w+ (a|s)—aminmp(a|s).
s,a
For every t € {1,2,...,T}, let 5,a = argmin, , mp,(a | s). One can write
minmy,(a | $) =9, (a | )
>mg+(a | 5) —aminmgs(a|s)
s,a

>(1-a)minmg(a| 3),
s,a

where the last inequality is due to m(a|s) > min, , 7(als) for every s € S and a € A. Thus, we obtain
P (QQ,T) >P (QT) >1-96.

This completes the proof. |

12 Proof of Theorem

Proof. Tt follows from Lemma that

c(o
D()tn <(1- ") Do)1a, - Beto,, + ¥ el 54

where & = (e, VVft(p)). When the event Q,; occurs, we have C'(6;) > C,, where

ﬂ_* 71
A
dp

2\
Ca = = min p(s)(1 - @)? min g (als)? >0.

Sl

(o]

By taking the expectation, we can obtain
E[- 2620, + % el a, | €10, BT+ 2 eli]A

2
2
£ [t0,.E[ % Jeul3 |7
2
M9
4B
where the first equality is due to the fact that €, ; is deterministic conditioning on F%, the second equality is due
to the unbiasedness of &; conditioning on F;, and the first inequality is due to . Therefore,

77t02
4B

E[D(0:11)1q, ] < (1 - %) E[D(6:)1q,,]+
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Arguing inductively yields that

(") (
SUCER R

we obtain that

E[D(6r1)la, ] < (1

ok

By setting t + 1 =T and taking n; = ﬁ,

T-1 T-1, 2
mCa) 00
D(67)1 < 1- A
E[ (T)QTI]—H( T )M 4
T

iC. L nio?
SH(l_7741a)A1+-_1nzLJF3

T ittg-1 o2 I 1
:H(i 0 )A1+CQB -

i=1 ’L+t0 i=1 Z+t0
2
< to A1+U ln(T+t0)-
T +ty BC(X
Since Q7 € Qq ¢ for all t=1,2,...,T, it can be concluded that
to 0'2 In (T+t0)
E[D(67)1 < A .
(D)0, ) <7 At =g
Then, the claim of the theorem follows by noting that
E[D(6r)1q, ]
E[D(6 Qor]—"F77F—
[D(0r) | 9ar] g
to 02 In (T +1to)
(T+t0)(1 d) B(l—é)Ca '

By the law of total probability and the Markov inequality, we obtain that

P(D(0r) > €) =P(D(0r) > elo, ) + P(D(07) > €15, )

=P(D(0r) > €| Qa,1)P(Qa,1) + P(D(07) > €| Q, 7)P(2,

_ELD(6r) | Q1]
- €
<E[D(9T)lﬂa,T]
- €
tO 0'2 In (T+t0)
< 1+
(T +to)e BCe

P(Qa,1) +P(D(0r) 2 €1, . )P(2, 1)

+0

+ 0.

To guarantee that P(D(0r) > €) < O(0), it suffices to have

tOAI 0'2 1n(T+t())

T>
B C.0€

—-tg, B>

Thus, the total sample complexity is T - B = @(}2) This completes the proof.

)



