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Abstract—This paper is concerned with solving the nonconvex
problem of optimal power flow (OPF) via a convex relaxation
based on semidefinite programming (SDP). We have recently
shown that the SDP relaxation has a rank-1 solution from which
the global solution of OPF can be found, provided the power
network has no cycle. The present paper aims to provide a
better understating of the SDP relaxation for cyclic networks. To
this end, an upper bound is derived on rank of the minimumrank solution of the SDP relaxation, which depends only on the
topology of the power network. This bound is expected to be
very small in practice due to the mostly planar structure of realworld networks. A heuristic method is then proposed to enforce
the low-rank solution of the SDP relaxation to become rank-1.
To elucidate the efficacy of this technique, it is proved that this
method works for weakly-cyclic networks with cycles of size 3.
Although this paper mainly focuses on OPF, the results developed
here can be applied to several OPF-based emerging optimizations
for future electrical grids.

I. I NTRODUCTION
The real-time operation of a power network depends heavily
on various large-scale optimization problems solved from
every few minutes to every several months. State estimation,
optimal power flow (OPF), security-constrained OPF, and
transmission planning are some fundamental operations solved
for transmission networks. Although most of the energyrelated optimizations are traditionally solved at transmission
level, there are a few optimizations associated with distribution
systems, e.g., sizing of capacitor banks and network reconfiguration. Each of these problems has the power flow equations
embedded in it. With the exception of the security-constrained
OPF, these problems often have less than 10,000 variables.
Even though the number of variables in these optimizations is
modest compared to many real-world optimizations involving
millions of variables, it is very challenging to solve energyrelated optimization problems efficiently. This is in part due
to the nonlinearities imposed by the laws of physics.
The OPF problem is the most fundamental optimization for
power systems, which aims to find an optimal operating point
of the power network minimizing a certain objective function
(e.g., power loss or generation cost) subject to network and
physical constraints [1]. Due to the nonlinear interrelation
among active power, reactive power and voltage magnitude,
OPF is described by nonlinear equations and may have a
nonconvex feasibility region [2]. Since 1962, this problem has
been studied thoroughly, and various heuristic and local-search
algorithms have been developed [3], [4].
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The paper [5] proposes two methods to solve an OPF
problem: (i) using a convex relaxation based on semidefinite
programming (SDP), and (ii) solving the SDP-type Lagrangian
dual of OPF. That work shows that the SDP relaxation is exact
if and only if the duality gap is zero. More importantly, [5]
makes the observation that OPF has a zero duality gap for
IEEE benchmark systems with 14, 30, 57, 118 and 300 buses,
in addition to several randomly generated power networks.
This technique is the first method proposed since the introduction of the OPF problem that is able to find a provably global
solution for practical OPF problems. The convex relaxation
proposed in [5] has been generalized to more complicated
problems, such as security constrained OPF, in [6].
By exploiting the passivity of transmission lines and transformers, the paper [7] shows that the SDP relaxation is exact
in two cases: (i) for acyclic networks, and (ii) for cyclic
networks after relaxing the angle constraints via the inclusion
of actual/virtual phase shifters (similar result was derived in
[8] and [9] for acyclic networks). Although the SDP relaxation
works for the above-mentioned IEEE cyclic systems, it may
not be exact for every mesh network (see the three-bus
example contrived in [10]). The present paper aims to explore
the limitations of the SDP relaxation for mesh networks.
The exactness of the SDP relaxation amounts to the existence of a rank-1 solution for this problem. In the case when
the SDP relaxation is not exact, its solution may still be useful
if its rank is low compared to the size of the network. Since the
SDP relaxation may not be exact for mesh networks, the first
goal of this work is to study the rank of the minimum-rank
solution of the SDP relaxation (under the load over-satisfaction
assumption [5]). To this end, an upper bound is derived on this
number, which depends only on the topology of the network.
This number is expect to be very small in practice due to
the mostly planar structure of real-world power networks.
A question arises as to whether this low-rank solution can
be converted to a rank-1 solution leading to a nearly global
solution of OPF. To address this problem, a heuristic algorithm
is proposed whose efficacy is demonstrated in simulations.
Moreover, it is proved that this method is guaranteed to work
for certain weakly-cyclic networks.
The SDP relaxation for OPF has attracted much attention
due to its ability to find a global solution in polynomial
time, and has been applied to various applications in power
systems including: voltage regulation in distribution systems
[11], state estimation [12], calculation of voltage stability
margin [13], economic dispatch in unbalanced distribution networks [14], power management under time-varying conditions

[15], distributed energy management [16], OPF with storage
integration [17], and charging of electric vehicles [18]. The
results of this work enhance the theoretical foundation of the
convex relaxation for all of the above problems as well as
emerging applications related to renewable energy, distributed
generation, and demand response.
Notations: R, Hn , and Hn+ denote the sets of real numbers,
n×n Hermitian matrices, and n×n positive semidefinite Hermitian matrices, respectively. Re{W}, Im{W}, rank{W},
and trace{W} denote the real part, imaginary part, rank, and
trace of a given scalar/matrix W, respectively. The notation
W  0 means that W is Hermitian and positive semidefinite.
The notation “i” is reserved for the imaginary unit. The notation ]x denotes the angle of a complex number x. The symbol
“*” represents the conjugate transpose operator. Given a matrix
W, its (l, m) entry is denoted as Wlm . The superscript (·)opt is
used to show the optimal value of an optimization parameter.
II. O PTIMAL P OWER F LOW
Consider a power network with the set of buses N :=
{1, 2, ..., n}, the set of generator buses O ⊆ N and the set
of flow lines L ⊆ N × N , where:
• A known constant-power load with the complex value
PDk + QDk i is connected to each bus k ∈ N .
• A generator with an unknown complex output PGk +
QGk i is connected to each bus k ∈ O.
• Each line (l, m) ∈ L of the network is modeled as a
passive device with an admittance ylm (the network can
be modeled as a general admittance matrix).
The goal is to design the unknown outputs of all generators in
such a way that the load constraints are satisfied. To formulate
this problem, named optimal power flow (OPF), define:
• Vk : Unknown complex voltage at bus k ∈ N .
• Plm : Unknown active power transferred from bus l ∈ N
to the rest of the network through the line (l, m) ∈ L.
• Slm : Unknown complex power transferred from bus l ∈
N to the rest of the network through the line (l, m) ∈ L.
• fk (PGk ): Known convex function representing the generation cost for generator k ∈ O.
Define V, PG, QG , PD and QD as the vectors {Vk }k∈N ,
{PGk }k∈O , {QGk }k∈O , {PDk }k∈N and {QDk }k∈N , respectively. Given the known vectors
P PD and QD , OPF minimizes
the total generation cost
k∈O fk (PGk ) over the unknown
parameters V, PG and QG subject to the power balance
equations at all buses and some network constraints. To
simplify the formulation of OPF, with no loss of generality
assume that O = N . The mathematical formulation of OPF
is given in (1), where:
• (1a) and (1b) are the power balance equations accounting
for the conservation of energy at bus k.
• (1c), (1d) and (1e) restrict the active power, reactive
power and voltage magnitude at bus k, for the given limits
max
Pkmin , Pkmax, Qmin
, Vkmin , Vkmax .
k , Qk
• Each line of the network is subject to one of the four
capacity constraints given in (3), for given upper bounds

•

max
max
max
max
max
max
θlm
= θml
, Plm
= Pml
, Slm
= Sml
and
max
max
max
∆Vlm = ∆Vml (we consider θlm less than 90◦ due
to the current practice in power networks).
N (k) denotes the set of the neighboring nodes of bus k.

III. C ONVEX R ELAXATION
Consider the OPF problem (1) subject to one of the capacity
constraints given in (3). This problem is nonconvex due to the
nonlinear terms |Vk |’s and Vk Vl∗ ’s. Since this problem is NPhard in the worst case, the paper [5] suggests solving a convex
relaxation of OPF. To this end, notice that the constraints of
OPF can all be expressed as linear functions of the entries
of the quadratic matrix VV∗ . This implies that if the matrix
VV∗ is replaced by a new matrix variable W ∈ Hn , then
the constraints of OPF become convex in W. Since W
plays the role of VV∗ , two constraints must be added to the
reformulated OPF problem in order to preserve the equivalence
of the two formulations: (i) W  0, and (ii) rank{W} = 1.
Observe that Constraint (ii) is the only nonconvex constraint of
the reformulated OPF problem. Inspired by this observation,
the SDP relaxation of OPF is defined as the OPF problem
reformulated in terms of W under the additional constraint
W  0. This problem is provided in (2) and (4). If the SDP
relaxation has a rank-1 solution Wopt, then it is said that the
relaxation is exact. The exactness of the SDP relaxation is a
desirable property being sought, because it makes the convex
SDP relaxation and the nonconvex OPF problem equivalent.
IV. L OW-R ANK S OLUTION
Definition 1: Define η as the minimum number of vertices
whose removal from the power network eliminates all cycles
of the network.
To illustrate the definition of η, observe that this number is
equal to 0 if the network is acyclic and is equal to 1 if all
cycles of the network share a common node.
Definition 2: A subgraph S = (NS , LS ) of the power
network is called an induced subgraph if NS ⊆ N and
LS = {(l, m) | l, m ∈ NS and (l, m) ∈ L}. A maximum
induced subtree (subjungle) of the network refers to an induced
subgraph S that is a tree (jungle) with the maximum number
of vertices.
According to the definition of η, a maximum induced
subjungle of the power network has n − η vertices.
Definition 3: Given a positive number r and a matrix A ∈
Hr+ , define G(A) as a graph with the vertex set Nr = {1, ..., r}
and the edge set {(l, m) | Alm 6= 0, (l, m) ∈ Nr × Nr }.
Definition 4: Two simple graphs G1 and G2 are called
equivalent if there exists an edge-preserving bijection between
their vertex sets. The notation G1 ≡ G2 shows this equivalence.
The following lemma has been borrowed from [19].
Lemma 1: Consider a graph G with a maximum induced
|G|
subtree T . Given a matrix A ∈ H+ with the property G(A) ≡
G, the relation rank{A} ≥ |T | − 1 holds.

The power balance equations (1a) and (1b) are equality
constraints. One may relax these equations to inequality constraints so that each bus k ∈ N can be oversupplied. This

OPF Problem
P

Minimize

SDP Relaxation of OPF
fk (PGk ) over PG , QG , V

Minimize

k∈O

P

fk (PGk ) over PG, QG , W ∈ Hn+

k∈O

Subject to:

Subject to:

1- A capacity constraint for each line (l, m) ∈ L

1- A convexified capacity constraint for each line

2- The following constraints for each bus k ∈ N :

2- The following constraints for each bus k ∈ N :

X

PGk − PDk =

∗
Re {Vk (Vk∗ − Vl∗ )ykl
} (1a)

l∈N (k)

X

QGk − QDk =
≤
≤
≤

−

∗
Vl∗ )ykl
}

(1c)

Pkmin ≤ PGk ≤ Pkmax
Qmin
≤ QGk ≤ Qmax
k
k
min 2
(Vk ) ≤ Wkk ≤ (Vkmax )2

(1d)
(1e)

max
|θlm | , |]Vl − ]Vm | ≤ θlm
∗
∗ ∗
max
|Plm | = |Re {Vl (Vl − Vm )ylm }| ≤ Plm

|Slm | =
|Vl − Vm | ≤

∗
Im {(Wkk − Wkl )ykl
} (2b)

QGk − QDk =

Capacity constraint for line (l, m) ∈ L

∗
− Vm∗ )ylm
|
max
∆Vlm

X

(1b)

l∈N (k)

PGk ≤ Pkmax
QGk ≤ Qmax
k
max
|Vk | ≤ Vk

|Vl (Vl∗

∗
Re {(Wkk − Wkl )ykl
} (2a)

l∈N (k)

Im {Vk (Vk∗

l∈N (k)

Pkmin
Qmin
k
Vkmin

X

PGk − PDk =

≤

max
Slm

(2c)
(2d)
(2e)

Convexified capacity constraint for line (l, m) ∈ L
(3a)
(3b)
(3c)
(3d)

max
Im{Wlm } ≤ Re{Wlm } tan(θlm
)

(4a)

∗
max
Re{(Wll − Wlm )ylm
} ≤ Plm
∗ 2
max 2
|(Wll − Wlm )ylm
| ≤ (Slm
)

(4b)

Wll + Wmm − Wlm − Wml ≤

(4c)
max 2
(∆Vlm
)

(4d)

to the capacity constraint (3a), (3b) or (3d) and under the
load over-satisfaction assumption. If this problem is feasible, then its corresponding SDP relaxation has a solution
opt
(Wopt , Popt
G , QG ) such that
rank{Wopt } ≤ η + 1.

Fig. 1: A graph with η = 1.

notion is called over-satisfaction and has been considered in a
number of papers (see [5], [3] and the references therein). The
main idea is that whenever a power network operates under a
normal condition, it is expected that the solution of the OPF
problem remains intact or changes insignificantly under the
load over-satisfaction assumption.
In this part, we make the practical assumption that each
power line in the network is a passive device with nonnegative
resistance and inductance.
Theorem 1: Consider the OPF problem given in (1) subject

(5)

Sketch of proof: Let J denote a maximum induced subjungle of the power network. One can expand the subjungle
J into a tree T by adding a minimal set of additional
edges to this possibly disconnected subgraph. Notice that
|J | = |T | = n−η. Denote the edge set of T as LT . Since the
OPF problem is feasibly by assumption, there exists an optimal
opt
solution (W0 , Popt
G , QG ) for this problem. Now, consider the
optimization problem:
X
minn −ε
Re{Wlm }
(6a)
W∈H+

s.t.

(l,m) ∈ LT
0
Wkk = Wkk
,

Re{Wlm } ≥
Im{Wlm } =

0
Re{Wlm
},
0
Im{Wlm },

k∈N

(6b)

(l, m) ∈ L

(6c)

(l, m) ∈ L

(6d)

where ε is an arbitrary strictly positive number. Let Wopt
denote an arbitrary solution of the above optimization. Since

the resistance and inductance of each line (l, m) ∈ L are
both nonnegative numbers, it is straightforward to verify
opt
that (Wopt , Popt
G , QG ) is an optimal solution of the SDP
relaxation under the load over-satisfaction assumption. Now,
it remains to prove that Wopt satisfies the inequality (5).
To proceed with the proof, we need to take the Lagrangian
of Optimization (6). Let A ∈ Hn+ denote the dual variable
corresponding to the constraint W  0. It can be shown that
G(A) ≡ T . Hence, it follows from Lemma 1 that
rank{Aopt } ≥ |T |−1 = n − η − 1.

(7)

On the other hand, the complementary slackness condition
trace{Wopt Aopt } = 0 yields that
rank{Aopt } + rank{Wopt} ≤ n.

(8)

The proof is completed by combining (7) and (8).

Note that Theorem 1 does not apply to the capacity constraint (3c), and hence one of its almost equivalent counterparts
(3a), (3b) or (3d) should be deployed in the SDP relaxation.
There is a large body of literature on computing η, which
signifies that this number is small for a very broad class of
graphs. To illustrate the application of Theorem 1, consider the
distribution network depicted in Figure 1. This network has
two cycles, which can be used to exchange renewable energy
between the load buses without going through the feeder
(the node shown in gray). Since removing the feeder node
eliminates all cycles of the network, it follows from Theorem 1
that the SDP relaxation of OPF has a (hidden) solution
opt
opt
(Wopt, Popt
G , QG ) with the property rank{W } ≤ 2. Having
been aware of such a low-rank solution, the following question
arises: how can the SDP relaxation be enforced to return a
rank-1 solution? Motivated in part by the proof of Theorem 1,
we propose a heuristic method below.
Perturbed SDP relaxation: This optimization is obtained
from the SDP relaxation of the OPF problem by replacing its
objective function with
X
X
Re{Wlm }
(9)
fk (PGk ) − ε
k∈G

(l,m)∈L

for a given positive number ε.
The perturbed SDP relaxation aims to increase the real part
of some entries of W with the hope of making this matrix
rank-1 at optimality. In particular, the larger the value of
ε is, the higher penalty is placed on the rank of W. We
have witnessed the efficacy of this technique in extensive
simulations and will report its performance in two simulations
later in this paper.
In what follows, we aim to prove that the above technique
is guaranteed to work for networks with small cycles.
Definition 5: A graph is called weakly cyclic if every edge
of the graph belongs to at most one cycle in the graph.
Theorem 2: Consider a weakly-cyclic lossless network with
cycles of size 3. Given an arbitrary strictly positive number
ε, every solution of the perturbed SDP relaxation has rank-1,
provided Qmin
= −∞ for every k ∈ N .
k
Proof: The proof has been omitted for brevity.
Theorem 2 can be similarly extended to lossy networks.

V. N UMERICAL E XAMPLES
Example 1: Consider a ring network with 10 nodes and 10
links (1, 2), (2, 3), ..., (9, 10), (10, 1). Suppose that the nodes
4, 5, 6, 9 and 10 are generator buses while the remaining nodes
are load buses. Let the cost function fk (PGk ) be chosen as
ck PGk , where
c4 = c5 = c10 = 1, c6 = c9 = 2
Consider also the line admittance values as
ylm = −i,

∀(l, m) ∈ {(1, 2), (3, 4), (4, 5), (10, 1)}

ylm = −2i,
∀(l, m) ∈ {(2, 3), (6, 7), (9, 10)}
y56 = −3i, y78 = −0.5i, y89 = −0.7i
Assume that the load values are equal to
PD1 = −16, PD2 = −14, PD3 = −18, PD7 = PD8 = −20
(the unit is MW). The goal is to solve an OPF problem
minimizing the total generation cost subject to the above load
constraints and the following network requirements:
min
• Voltage constraints: Vk
= 0.95 (per unit) and Vkmax =
1.05 for every k ∈ N , where the base value is 100 MVA.
max
◦
• Flow constraints: Θlm = 14 for every (l, m) ∈ L.
• Generator constraints: PG9 must be less than or equal to
20 MW.
Solving the SDP relaxation for this network yields the optimal
cost $88, corresponding to the optimal outputs
PG4 = 17.8,

PG5 = 32,

PG6 = PG9 = 0,

PG10 = 38.2

The obtained matrix Wopt has the following eigenvalues:
0.0132, 0.0146, 0.0381, 0.0694, 0.0896,
0.2134, 0.3167, 0.5424, 1.4405, 7.3939
Although the motivation behind using the SDP relaxation was
to hopefully obtain a rank-1 solution, the attained matrix Wopt
is full rank with no zero eigenvalues. One may speculate
that the relaxation is inexact in this case. To explore this
issue, consider the perturbed SDP relaxation for a small
nonzero  (say  = 10−5 ). Solving this optimization leads
to the optimal cost $88, where its solution Wopt has only
one nonzero eigenvalue (with value 10.5). The corresponding
optimal productions are as follows:
PG4 = 24.03, PG5 = 26.28, PG6 = PG9 = 0, PG10 = 37.69
Three conclusions can be made here:
• The SDP relaxation has a hidden rank-1 solution in the
sense that a numerical algorithm might produce another
solution of this optimization whose rank is high (rank 10
in this case).
• To find the hidden rank-1 solution of the SDP relaxation,
the perturbed SDP relaxation can be used.
• The SDP relaxation is exact, but this property may not be
easily detected from an optimal primal solution Wopt or
a dual matrix Aopt, unless a small perturbation is applied
to the objective function.
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Fig. 2: The optimal cost for the perturbed SDP relaxation as
a function of  for the network studied in Example 2.

Fig. 3: The three-bus system studied in Example 3.
f1 (PG1 ) , 0.11PG2 1 + 5.0PG1
f2 (PG2 ) , 0.085PG2 2 + 1.2PG2

Example 2: Consider again the ring network studied in
Example 1, but with the following cost coefficients:
c4 = 10, c5 = 5, c6 = 6, c9 = 9, c10 = −3
In this case, the generator at Bus 10 is assumed to have a
decreasing cost function. There are various motivations for
considering a non-increasing cost function (other than technological constraints) such as the tendency to penetrate as much
renewable energy as possible. Solving the SDP relaxation for
this network yields the optimal cost $110.99, corresponding
to a rank-8 matrix Wopt with the nonzero eigenvalues:
0.0003, 0.0007, 0.0026, 0.0035,

f3 (PG3 ) , 0
Z23 = 0.025 + 0.750i,
Z31 = 0.065 + 0.620i,
Z12 = 0.042 + 0.900i,

SD1 = 110 MW
SD2 = 110 MW
SD3 = 95 MW

Vkmin = Vkmax = 1 for k = 1, 2, 3
max
(Qmin
) = (−∞, ∞) for
k , Qk

(Pkmin , Pkmax ) = (−∞, ∞)
P3min = P3max = 0

k = 1, 2, 3

for k = 1, 2

TABLE I: Parameters of the three-bus system drawn in Figure 3 with the base value 100 MVA.

0.0075, 0.0104, 0.4722, 9.5029
The associated optimal outputs of the generators at buses
4, 5, 6, 9 and 10 are:
PG4 = PG6 = PG9 = 0, PG5 = 46.87, PG10 = 41.13
Since it is not obvious whether or not the SDP relaxation
has a hidden rank-1 solution, we solve the perturbed SDP
relaxation for different
the optimal cost
P values of ε. Define P
opt
fεP as the value of k∈G fk (PGk ) (and not k∈G fk (PGk )−
ε (l,m)∈L Re{Wlm }) at optimality. Figure 2 depicts the opopt
timal cost fε for ε from 0 to 15. The following observations
can be made:
opt
• The obtained numerical solution Wε
has rank 2 for
every ε in the range [0, 5.03).
opt
• The obtained numerical solution Wε
has rank 1 for
every ε in the range [5.03, 15].
opt
• The optimal cost fε
is fixed at the value $153.97 over
the relatively wide range [5.03, 11.59].
opt
• The optimal cost fε for any ε in the range [5.03, 11.59]
has the same value as the optimal cost obtained by
MATPOWER for the original OPF problem with no
perturbation.

This means that whenever the SDP relaxation is inexact, its
non-trivial perturbation (for a relatively large value of ε) may
find a local (yet nearly-global) solution of the original OPF
problem.

Example 3: Consider the three-bus system depicted in
Figure 3, which has been adopted from [10]. The parameters
of this cyclic network are provided in Table I. Assume that
lines (1, 2) and (2, 3) have very high capacities, i.e.,
max
max
max
max
θ12
= P12
= S12
= ∆V12
= ∞,

(10a)

max
θ23

(10b)

=

max
P23

=

max
S23

=

max
∆V23

= ∞,

while line (1, 3) has a very limited capacity. Since there are
at least four ways to limit the flow over this line, we study
four problems, each using only one of the capacity constraints
given in (3). To this end, given an angle α belonging to the
interval [0, 90◦], consider the following limits for these four
problems:

Optimal Relaxation Value

8000

Problem A
Problem B
Problem C
Problem D

7500
7000
6500
6000
5500

5

10

15

20

25

30

α

Fig. 4: Optimal objective value of the SDP relaxation for
Problems A-D.
max
Problem A : θ13
=α

Problem B :
Problem C :
Problem D :

max
∗
P13
= Re{(1 − eαi )y13
}
max
αi ∗
S13 = |(1 − e )y13 |
max
∆V13
= 2 (1 − cos(α))

(11a)
(11b)
(11c)
(11d)

It is straightforward to verify that Problems A, C and D
are equivalent due to the fact that they all lead to the same
feasible set for the pair (V1 , V3 ). Moreover, Problem B is
guaranteed to be equivalent to these three problems if α ≤ 10◦ .
However, Problems A-D become very distinct after removing
the rank constraint from the OPF problem. To illustrate this
property, we solve four SDP problems for the network depicted
in Figure 3, corresponding to the equivalent Problems AD. Figure 4 plots the optimal objective value of each of
the four SDP relaxations as a function of α over the period
α ∈ [0, 30◦]. Let fα∗ denote the solution of the original OPF
problem. Each of the curves in Figure 4 is theoretically a lower
bound on the function fα∗ in light of removing the nonconvex
constraint rank{W} = 1. A few observations can be made
here:
• The SDP relaxation for Problem D yields a rank-1
solution for all values of α. Hence, the curve drawn
in Figure 4 associated with Problem D represents the
function fα∗ , leading to the true solution of OPF.
• The curves for the SDP relaxations of Problems A-C do
not overlap with fα∗ if α ∈ (0, 7◦ ). Moreover, the gap
between these curves and the function fα∗ is significant
for certain values of α.
In summary, three types of capacity constraints make the SDP
relaxation inexact in general, while the last type of capacity
constraint makes the SDP relaxation always exact.
VI. C ONCLUSIONS
We have recently proposed a convex relaxation based on
semidefinite programming (SDP) to find the global solution of
the optimal power flow (OPF) problem. Although this method
has been proven to work for acyclic power networks and IEEE
benchmark systems, its limitations for mesh networks have not
been fully understood. To address this problem, we provide an
upper bound on the rank of the minimum-rank solution of the

SDP relaxation. This number is contingent upon the topology
of the power network and is expected to be very small in
practice. A heuristic method is then proposed to enforce the
SDP relaxation to return a rank-1 solution. To demonstrate
the potentials of the SDP relaxation for mesh networks, it is
finally shown that this convexification technique always works
for weakly-cyclic networks with cycles of size 3. Although the
main focus of this paper is placed on OPF, the results can be
applied to emerging energy optimizations related to storage
and renewable, distributed generation, and demand response
for smart grids.
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