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Abstract In this work, we develop a new complexity metric for an important class of
low-rank matrix optimization problems, where the metric aims to quantify the com-
plexity of the nonconvex optimization landscape of each problem and the success of
local search methods in solving the problem. The existing literature has focused on
two complexity measures. The RIP constant is commonly used to characterize the
complexity of matrix sensing problems. On the other hand, the sampling rate and
the incoherence are used when analyzing matrix completion problems. The proposed
complexity metric has the potential to unify these two notions and also applies to a
much larger class of problems. To mathematically study the properties of this metric,
we focus on the rank-1 generalized matrix completion problem and illustrate the use-
fulness of the new complexity metric from three aspects. First, we show that instances
with the RIP condition have a small complexity. Similarly, if the instance obeys the

‘We note that a similar complexity metric based on a special case of instances in Section 3.3 was proposed
in our conference paper [55]. However, the complexity metric in this work has a different form and is
proved to work on a broader set of applications. In addition, we prove several theoretical properties of the
metric in this work, which are not included in [55].
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Bernoulli sampling model, the complexity metric will take a small value with high
probability. Moreover, for a one-parameter class of instances, the complexity metric
shows consistent behavior to the first two scenarios. Furthermore, we establish theo-
retical results to provide sufficient conditions and necessary conditions on the exis-
tence of spurious solutions in terms of the proposed complexity metric. This contrasts
with the RIP and incoherence notions that fail to provide any necessary condition.

Keywords Matrix sensing - Matrix completion - Complexity metric - Nonconvex
optimization - Global convergence

Mathematics Subject Classification (2020) 05C90 - 65F55 - 90C26

1 Introduction

A variety of modern signal processing and machine learning applications require
solving optimization problems that involve a low-rank matrix variable. More specif-
ically, given measurements to some unknown ground truth matrix M* € R"*" of
rank r < n, the low-rank matrix optimization problem can be formulated as
(1.1) min f(M;M*) s.t. M =0, rank(M) <,

MERn*n
where f(-; M™*) is the loss function that penalizes the mismatch between the input
matrix and M *. The goal is to recover the matrix M * via (1.1). Examples of this prob-
lem include matrix sensing [42,59,57], matrix completion [14, 15,26], phase retrieval
[12,45,20] and robust principle component analysis [11,25]; see the review papers
[18,23] for more applications. To deal with the nonconvex rank constraint, there have
been several works on the convex relaxations of problem (1.1). More concretely, one
may replace the rank constraint with a nuclear norm regularizer [14,42,15,11]. The
convex relaxation approach is proven to achieve the optimal sampling complexity for
various statistical models. However, the convex relaxation approach needs to update
a matrix variable in each iteration, which relies on the Singular Value Decomposition
(SVD) of the matrix variable. This will lead to an O(n3) computational complexity
in each iteration and an O(n?) space complexity, which are prohibitively high for
large-scale problems; see the numerical comparison in [60].

To improve the computational efficiency, an alternative approach was proposed
by Burer and Monteiro [10], which is named as the Burer-Monteiro factorization
approach. The factorization approach is based on the fact that the mapping U +—
UUT is surjective onto the manifold of positive semi-definite matrices of rank at
most 7, where U € R™*". Therefore, problem (1.1) is equivalent to
(1.2) min f(UUT; M™),

UERnxr
which is an unconstrained nonconvex problem. A major difficulty about nonconvex
optimization problems is the existence of spurious local minima'. In general, com-
mon local search methods are only able to guarantee a point approximately satisfying

I A point U? is called a spurious local minimum if it is a local minimum of problem (1.2) and
Uo(UuOT #£ M.
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the first-order and the second-order necessary optimality conditions. Therefore, local
search methods with a random initialization will likely be stuck at spurious local min-
ima and unable to converge to the global solution. However, despite the aforemen-
tioned issue of nonconvex optimization problems, simple iterative algorithms such
as gradient descent and alternating minimization have achieved empirical success in
a wide range of applications. In recent years, substantial progress has been made
on the theoretical understandings of these algorithms, which generally focused on
proving the in-existence of spurious local minima. For example, the alternating min-
imization algorithm was first studied in [32,39,40]. The (stochastic) gradient descent
algorithm, which is in general easier to implement than the alternating minimization
algorithm, was analyzed in [12,50,56,20, 18]. Besides algorithmic analysis, a criti-
cal geometric property named the strict-saddle property [45] was established in [26,
45,61,57], which can guarantee the polynomial-time global convergence of various
saddle-escaping algorithms [16,34,5].

To characterize the behavior of local search methods for problem (1.2), several
complexity metrics were proposed. A small complexity metric implies that the land-
scape of problem (1.2) is benign and thus, local search methods with random initial-
ization converge to global solutions with high probability. Otherwise, if the complex-
ity metric takes a large value, problem (1.2) may have spurious local minima, which
will imply the failure of most local search methods. However, the complexity metrics
for problem (1.2) are designed separately for different applications. As a result, sev-
eral different metrics were proposed to characterize the optimization complexity of
problem (1.2). For example, in the context of matrix sensing problems, the following
Restrict Isometry Property (RIP) is usually assumed:

Definition 1.1 ([42,61]) Given natural numbers 7 and s, the function f(-; M*) is
said to satisfy the Restricted Isometry Property (RIP) of rank (2r, 2s) for a constant
§ € ]0,1), denoted as §-RIPy;. o, if

(1.3) 1= OE(E < [V2F(M; MY)] (K, K) < (1+6)| K%

holds for all matrices M, K € R™ "™ such that rank(M) < 2r,rank(K) < 2s,
where [V2f(M;M*)] (-,-) is the curvature of the Hessian at point M.

One important class of matrix sensing problems is the linear matrix sensing problem,
which is induced by linear measurements of the ground truth matrix M*. If the {5-
loss is used, the linear matrix sensing problem can be formulated as

: 1 - T *\ 2
(1.4) Ugﬂlgy{lw - ;(A“ Uuu M*)=,
where m € N is the number of measurements modeled by the known measurement
matrices A; € R™*” for all i € [m]. In the special case when each matrix A; is an
independently identically distributed Gaussian random matrix, the §-RIPg, 25 condi-
tion holds with high probability if m = O(nrd~2) [13]. The RIP constant § plays a
critical role in measuring the optimization complexity of problem (1.2). In [7], the au-
thors showed that the strict-saddle property holds for problem (1.2) if the 6-RIPy, o,
condition holds with § < 1/2 and the ground truth matrix satisfies rank(M™*) = r.
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On the other hand, counterexamples have been constructed in [59,57] to illustrate
that the strict-saddle property can fail under the §-RIPy, 2, condition with 6 > 1/2.

Despite these strong theoretical results under the RIP assumption, there exists
a large number of applications that do not satisfy the RIP condition. One of those
applications without the RIP condition is the matrix completion problem. Given a set
of indices £2 C [n] x [n], the matrix completion problem aims at recovering the low-
rank matrix M* from the available entries M for (7, j) € £2. With the least squares
loss function, the matrix completion problem can be formulated as

: T Ak
(15 pmin >0 (U = MG

The matrix completion problem (1.5) is a special case of the matrix sensing problem
(1.4), where each measurement matrix A; has exactly one nonzero entry. However,
the RIP,, o, condition does not hold for problem (1.5) unless all entries of M™ are
observed, namely, when {2 = [n] x [n]. As an alternative to the RIP condition, the
optimization complexity of problem (1.5) is closely related to the incoherence of M *.

Definition 1.2 ([14]) Given a constant ;1 € [1, n], the ground truth matrix M* is said
to be p-incoherent if

(1.6) lef V¥ |lr < V/pr/n, Vi€ [n],

where V*A*(V*)T is the truncated SVD of M* and e; is the i-th standard basis of
R™.

Intuitively, if the ground truth M* is highly sparse, it is likely that only zero entries of
M™ are observed and there is no chance to learn the other entries of the matrix M*. A
relatively small incoherence of M* avoids this extreme case. The most popular sta-
tistical model of the measurements for problem (1.5) is the Bernoulli model, where
each entry of M* is observed independently with probability p € (0, 1]. Assuming
the Bernoulli model, the scaled gradient descent algorithm with a spectral initializa-
tion [47] converges linearly given the condition p > O(ur?k? max(ux?, logn)/n),
where k := o1 (M™*)/o,.(M™*) is the condition number of M *. In addition, the global
convergence was established in [26] through the strict-saddle property under the as-
sumption that p > O(u*r®x5logn/n). We note that the dependence on the condition
number x may be unnecessary as shown in [29] and that the condition number is equal
to 1 in the rank-1 case. On the other hand, the information-theoretical lower bound
in [14] shows that p > O (urlog(n/J)/n) is necessary for the exact completion with
probability at least 1 — 4. Therefore, the complexity of problem (1.5) is mainly mea-
sured by the incoherence of M*.

The main issue with the notions of RIP and incoherence is that they require strin-
gent conditions to guarantee the success of local search methods for recovering M ™.
Whenever these conditions are violated, local search methods may still work success-
fully, which questions whether these customized notions designed for special cases
of the problem truly capture the complexity of the problem in general. Hence, it is
natural to ask:
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Does there exist a complexity metric with two properties: (i) it unifies the
metrics for problems (1.4) and (1.5), namely, the RIP constant § and the in-
coherence i, (ii) even when the RIP and incoherence conditions are violated,
it still quantifies the optimization complexity of the problem in the sense that
the smaller the value of this metric is, the higher the success of local search
methods with random initialization is in finding the ground truth M*?

In this work, we provide a partial answer to the question by developing a powerful
complexity metric. To analyze the usefulness of this new metric, we focus on the
generalized rank-1 matrix completion problem

.7 SR 2 e Oty = M)

where the ground truth M* is symmetric and has rank at most 1. The weights are
C;; > 0 forall 4,j € [n]. Without loss of generality, we can assume that the
matrix C' := (Cij); je[n is symmetric since otherwise one can replace C' with
(C + CT) /2, which will not change the optimization landscape. We use MC(C, u*)
to denote the instance of problem (1.7) with the weight matrix C' and the ground
truth M* = u*(u*)7, for all C € R"*" and u* € R™. The matrix completion prob-
lem (1.5) is a special case of the generalized matrix completion problem (1.7), where
Ci; = 1if (4,j) € 2 and C;; = 0 otherwise. Moreover, problem (1.7) is a special
case of the matrix sensing problem (1.4), where each measurement only captures one
entry of M*. However, in Section 3.3, we show that there exists an instance of prob-
lem (1.7) that satisfies the 1/2-RIP; o condition but has spurious local minima. This
counterexample implies that the optimal RIP bound in [59,57] still holds for problem
(1.7) and thus, problem (1.7) still contains difficult instances of the matrix sensing
problem. Indeed, we show in Section 3.1 that some of the results to be developed for
problem (1.7) can be extended to the general matrix sensing problem (1.4).

Now, we provide an intuition into the design of our complexity metric for prob-
lem (1.7). For a given problem instance of (1.7), if there exist global solutions !, u?
such that u! (u')” # w?(u?)7, it is impossible to decide which global solution cor-
responds to M ™ from the observations. Intuitively, no matter what optimization algo-
rithm we choose and how much computational effort is exerted, there is a chance that
we could not recover M* by solving problem (1.7). This observation motivates us to
define the complexity metric to be the inverse of the infimum of the distance between
any given instance and the set of instances with multiple global solutions. Since prob-
lem (1.7) is parameterized by the weight matrix C' and the global solution M *, we are
able to define the metric through norms in Euclidean spaces and their Cartesian prod-
ucts. In addition, in the rank-1 case, the (random) graph theory serves as an important
tool in characterizing the solvability of problem (1.7). These two advantages enable
a more thorough analysis of the new complexity metric. The formal definition of the
metric is provided in Section 2. In this work, we exhibit several pieces of evidence to
show that the proposed metric can serve as an alternative to the RIP constant and the
incoherence, which are summarized below:

1. For problem instances that satisfy the J-RIP; o condition, we provide an upper
bound on the complexity metric. The upper bound is tightened with extra infor-
mation about the incoherence of M*. The complexity metric is also generalized
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to problem (1.2) and a slightly weaker upper bound is derived. Similarly, for ma-
trix completion problems obeying the Bernoulli model, an upper bound on the
complexity metric in terms of the incoherence of M * is derived.

2. We then construct a class of parameterized instances of problem (1.7). A lower
bound on the complexity metric is developed to prove that instances whose com-
plexity metric is larger than the lower bound have an exponential number of spu-
rious local minima. In addition, an upper bound that is consistent with the existing
results for the matrix sensing and matrix completion problems are established to
guarantee the in-existence of spurious local minima if the complexity metric is
below this bound.

3. We prove the existence of a non-trivial upper bound on the complexity metric.
For all problem instances whose complexity metric is below this upper bound,
problem (1.7) has no spurious local minima and M * can be successfully found
via local search methods with random initialization.

4. Under a standard bounded-away-from-zero assumption, we show that all instances
with a larger complexity metric will possess spurious local minima.

Based on the aforementioned results, we make some key conjectures and discuss the
potential extensions of the proposed metric to more general cases of the low-rank
matrix optimization problem (1.1).

1.1 Related works

Following the famous Netflix prize, the theoretical analysis of problem (1.1) has at-
tracted a lot of attention in recent years; see the review papers [19,23]. Early attempts
mainly focused on the construction of convex relaxations to rank-constrained prob-
lems [14,15,42,11], where the RIP condition and the incoherence were introduced.
Although the convex relaxation is usually guaranteed to recover the exact ground
truth with almost the optimal sample complexity, the associated algorithms operate
in the space of matrix variables and, thus, are computationally inefficient for large-
scale problems [60]. Similar issues are observed for algorithms based on the Singular
Value Projection [31] and Riemannian optimization algorithms [53,54,30,2,37]. The
analysis of the convex relaxation approach in the noisy case is recently conducted by
bridging the convex and the nonconvex approaches [21,22].

To deal with the difficulties in solving large-scale problems, an efficient alterna-
tive model (1.2) using the Burer-Monteiro factorization is considered. Despite the
nonconvexity, a growing number of works demonstrated that problem (1.2) has be-
nign landscapes and, therefore, is amenable for efficient optimization. Theoretical
analysis stems from the alternating minimization method [32,39,28,29,40, 1]. The
alternating minimization method has the advantage that the number of iterations has
only logarithmic dependence on the condition number of the ground truth [29]. More
recently, this advantage is also achieved by the scaled (sub)gradient descent algorithm
[47,48,49,58].

The gradient descent algorithm has also gained a significant attention due to its
simplicity in implementation. In general, there are two ways to apply the gradient
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descent algorithm. First, the gradient descent algorithm can serve as the local refine-
ment method after a suitable initialization [12,50,46,56,4,18]. On the other hand,
the gradient descent algorithm is proved to converge globally for the phase retrieval
problem [20]. More generally, under the strict-saddle property, a number of saddle-
escaping algorithms [34, 16,5] converge to the global solution in polynomial time; see
e.g., [44,27,26,61,45,59,17,57,6,7,38]. Moreover, the gradient descent algorithm is
proved to have the implicit regularization phenomenon in the over-parameterization
case [36,24,43].

Finally, the Burer-Monteiro factorization approach has also been studied in the
context of finding low-rank solutions to semi-definite programs [8,41,9,52].

1.2 Notation and organization

The number of elements in a finite set S is denoted as |S|. We use S to denote
the closure of a set S C R™. The index set {1,...,n} is denoted as [n] for all
n € N. The entry-wise £1-norm and the Frobenius norm of a matrix M are denoted
as | M|y and || M||F, respectively. The unit sphere of matrices with non-negative
entries denoted as S’f:f ! is the set of all symmetric matrices X € R"*™ such that
[ X|l1 = 1and X;; > 0 for all 4,j € [n]. Similarly, the unit sphere of vectors
S7 ! is the set of all vectors 2 € R™ such that ||z||; = 1. For every symmetric
matrix M € R™*™, the minimum eigenvalue is denoted as A,;, (M). The n-by-n
identity matrix is denoted as Z,. The notation M > 0 means that the matrix M
is symmetric and positive semi-definite. The sub-matrix R;.; ., consists of the i-
th to the j-th rows and the k-th to the /-th columns of matrix R. For every vector
z € R”, the sets of indices corresponding to zero and nonzero components of x
are denoted as Zy(x) and Z;(x), respectively. For every instance MC(C,u*), we
use G(C,u*) = [V(C,u*),E(C,u*), W(C,u")] to denote the associated weighted
graph, which is defined in Section 2. The unweighted undirected graph G with node
set V and edge set E is denoted as G = (V,[E). The objective function of an in-
stance MC(C,u*) is shown as g(u; C,u*) = 37, iciy Cij(uiuy — ufu})?. The
action of the Hessian V2g(M;C,u*) on any two matrices K and L is given by
[V2g(M;C,u")](K,L) := Zid,kl[vzg(M;Qu*)]i,j_’kngiij,g. The notations
an, = O(b,) and a, = O(b,) mean that there exist constants c1,co > 0 such that
an < coby, and 16, < a, < coby, hold for all n € Z, respectively.

In the remainder of this paper, we first define the proposed complexity metric
and derive basic properties of the metric in Section 2. In Section 3, we analyze this
metric on well-studied problems, including the matrix sensing problem and the matrix
completion problem. Section 4 is devoted to the theoretical guarantees provided by
the new complexity metric. Finally, we conclude the paper in Section 5. Some of the
proofs are provided in the appendix.
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2 New complexity metric and basic properties

In this section, we provide the formal definition of the new complexity and investigate
the properties of the proposed metric. Before proceeding to the definitions, we note
that the problem (1.7) is “scale-free” in the sense that the instance MC (1, C, nou*)
has the same landscape as MC(C,u*) up to a scaling, where C € R"*", u* € R
and 11,72 > 0 are constants. Therefore, we may normalize the parameters C' and u*
without loss of generality, as follows:

Assumption 2.1 Assume that C € Sf:l_l and u* € S?_l, ie.

Clly = [luy = 1.

The above assumption excludes the degenerate cases when C' = O0or M* = 0.If C' =
0, the objective function is always 0 and it is impossible to recover the ground truth.
For the case when M* = 0, we can prove that either v = 0 is the only stationary point
or the instance MC(C, 0) has multiple different global solutions. In the first situation,
the results in [35] imply that randomly initialized gradient descent algorithm will
converge to 0 with probability 1. In the second situation, the instance is information-
theoretically unsolvable. We provide a more detailed analysis in the appendix and
assume that Assumption 2.1 holds in the remainder of the paper.

The definition of the complexity metric is closely related to the set of instances
with multiple “essentially different” global solutions. More specifically, the set of
degenerate instances is defined as

D:={(C,u")|CeS¥ L ur esSiY,
JueR" s.t. glu;Cou*) =0, uu® #u*(u)T}.

Since there exist multiple global solutions to problem (1.7) if (C,u*) € D, it is
information-theoretically impossible to find the ground truth for any instance in D.
Intuitively, we say that the optimization complexity of all instances in D is infinity.
Motivated by the above observation, we introduce the new complexity metric.

Definition 2.1 (Complexity Metric) Given arbitrary parameters C € Sf:f Lur e
S? ! and a € [0, 1], the complexity of the instance MC(C, u*) is defined as

-1

Q2.1 Do (Cyu*) := | inf afC —C|i + (1 — a)|ju* —a*|;
(C,a*)eD

Since the set D is bounded, the infimum in the definition exists and is finite. The
term inside the inverse operation can be viewed as a weighted distance between the
point (C, u*) and the set D. In addition, we take the convention that 1/0 = +o0 and
thus, D, (C, u*) = +oo for all (C,u*) € D. In this work, we choose the entry-wise
£1-norm in (2.1) for the simplicity of calculations. We believe that similar theory can
still be derived for other choices of the norm.
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2.1 Basic properties of the new complexity metric

We first provide a more concrete definition of the set D. In the rank-1 case, we are
able to exactly describe the set D using graph-theoretic notations. We first introduce
the associated graphs of any instance of the problem. Given an instance MC(C, u*),
the weighted graph G(C, u*) = [V(C,u*), E(C, u*), W(C, u*)] is defined by

V(C,u®) = [n], E(C,u"):={{i,j} | Cij >0,4,j € [n]},

[W(C, u*)]z] = Oij, Vi, j € [’FL} S. t. {Z,j} S ]E(C, u*)
To include the information of «*, we define

Ti(Cou*) :={i € [n]|uf #0}, Zo(C,u*):= [n\Z1(C,u"),
Ioo(Cyu™) :={i € Zp(C,u*) | {i, 5} ¢ E(C,u"), Vj € I (C,u")}.
Intuitively, the sets Z; (C, u*) and Zy(C, u*) contain the locations of the nonzero and
zero components of u*. The subset Zyo(C, u*) corresponds to indices in Zy(C, u*)
that are not connected to any index in Z; (C, u*). We denote the subgraph of G(C, u*)
induced by the index set Z; (C, u*) as G1(C,u*) = [Z1(C,u*),E1 (C,u*), W1 (C, u*)],
where Eq (C, u*) and W, (C, u*) are the edge set and weight set of this subgraph. The
following theorem provides an equivalent definition of D in terms of Zyo(C, v*) and
Gl (C, u* )
Theorem 2.2 Given C € Sﬁfl and u* € ST, it holds that (C,u*) ¢ D if and
only if
1. G1(C,u") is connected and non-bipartite;
2. {i,i} € E(C,u*) foralli € Ioo(C,u*).
Proof We first construct counterexamples for the necessity part and then prove the
uniqueness of the global minimum (up to a sign flip) for the sufficiency part. For the
notational simplicity, we fix the point (C, v*) and omit them in the notations.
Necessity. In this part, our goal is to construct a solution u € R™ such that
uwiug = ujui, V{i,j} € E; uu® # u*(u*)T.

We denote M* := u*(u*)T and analyze three different cases below.
Case I. First, we consider the case when G is disconnected, which means that there
exist two non-empty subsets Z and 7 such that

Tug=14, Ing=0; {i,j}¢E, VieZ VjeJ.
We define the vector u € R™ as

u; =0, Viely w=u;, YieIl, u,=-u;, VieJ.
The above definition leads to
=My ifi€ZandjeJ
ujuj = . .
M;;  otherwise.

Since u; # 0 for all i € 7y, it follows that u;u; = — M5 # M;; for all {i,j} such
thati € Zand j € J.
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Case II. Next, we consider the case when (7 is bipartite, which means that there
exist two non-empty subsets Z and 7 such that

TUJ =1, InJ=0; {i,j}¢E, Vi,jeIl; st i,j€Zori,je .
In this case, we define the vector u € R™ as
u; =0, Vi€Zy; wi:=u/2, Vi€, wu :=2u;, VieJ.
Now, we have
Mi’f‘j/4 ifi,7 €7
uiuj = 4MZ; lf Z,j S J
M otherwise.

Since M, # 0 forallé,j € J, we have that u;u; = 4M; # M forall i, j € J.

J

Case I1I. Finally, we check the case when there exists a node 79 € Zyo such that
{io,i0} ¢ E. In this case, we define the vector u € R" as

Wi, =1, wu;:=ul, Vien\{i}

(]

Now, we have

Uiouigzl#OZM-*

_ *
i0io? ul—uj =M

YR

V{i,j} € E.

Combining the above three cases completes the proof of the necessity part.

Sufficiency. We prove that any global solution v € R"™ to problem (1.7) satisfies
uul = M*, where M* := u*(u*)T. Since u is a global solution, it follows that

uwiuj =M, Vi, je€[n] s.t. {i,j} €E.

Since the graph G is non-bipartite, there exists a cycle with an odd number of edges
in G;. We denote the length of the cycle as 2k + 1, where k is a non-negative integer.
Moreover, we denote the edges of the cycle as

{io,i1}, {i1, 42}, .- -, {42k, t0}
Since {ig, . .., 2t} C Z1, we know that
wiuy = M5 #0, Vi,j€[n] st {i,j} € {{ie,ie11},£€{0,...,2k}},
where io,41 = 1g. Hence, we can calculate that

2k 2k+1

PRV _1)¢ .
u(2) = H(u’iéui£+1)( D' = H Mi(e732421 = (ui0)2.

=0 =0

Without loss of generality, assume that u;, = u;  since otherwise we can consider

the solution —u if u;, = —u; . With the value of u;, correctly recovered, it follows
that . .
Wi Wi ux u:
u;, = 0 7 ZU* o u;sl.

uiU uio
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Similarly, we can utilize the connectivity of G to iteratively obtain u; = u} for all
1€ 1.

The remaining part is to show that u; = 0 for all ¢ € Zy. For every node i €
To\Zoo, there exists a node j € Z; such that {4, j} € E. This implies that

— % Y * o
uj =u; #0, wu; =M =0,

Hence, it holds that u; = 0. For every node i € Z, the assumption in the theorem
requires that {7, 7} € E, which leads to

uf =M} =0.
In this case, we also obtain u; = 0. O

Since the set D is bounded, the infimum in the definition (2.1) can be attained by
using the closure of D, namely
-1
(22)  Do(C,u*)=| min_al/C—Cl1+ (1 —a)|u* —a*,
(C,a*)eD

The alternative definition (2.2) simplifies the verification of parameters that attain the
inﬁmum;In addition, with the help of Theorem 2.2, we can exactly characterize the
closure D, which has a slightly simpler form than D.

Theorem 2.3 We have the following relation:

D={(C,u*)|Ce Sﬁfl,u* € ST G (C,u*) is disconnected or bipartite}
U{(Cou*) | C e ST ur € SImY, Too(C,u*) is not empty}.

Proof We denote the set on the right-hand side as D’. We first prove that

(2.3) DOD.

Suppose that (C,u*) € D'. If G1(C,u*) is disconnected or bipartite, the instance
MC(C,u*) already belongs to D and, therefore, belongs to the closure D. We only
need to consider the case when Zoo(C, u*) is not empty. For every constant € > 0,
we construct a new global solution u* as follows:

7 %

: otherwise.

ﬂﬁ{@+eiﬂe%dam)
u

Let M* := @*(@*)". For the instance MC(C, @*), we have

Il(C, ﬂ*) = Il(C, u*) UIO()(C, u*)

By the definition of Zyo(C, u*), the nodes in Z; (C, u*) and Zoo(C, u*) are discon-
nected. Therefore, the new subgraph G (C, @*) is disconnected and the new instance
MC(C, u*) belongs to D. By letting € — 0, it follows that (C, «*) is a limit point of
D and belongs to D. This completes the proof of the relation (2.3).
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Then, we prove the other direction DcD. By Theorem 2.2, we have
DcCD.

Hence, it remains to prove that the set D’ is closed. Equivalently, we prove that (D’)¢
is open, where (D’)¢ is the complementary set with respect to R™*™ x R™. Suppose
that (C,u*) € (D). If ||C||1 # 1 or ||u*||s # 1, changing C' and u* by a small
perturbation will not make ||C||; = ||u*||; = 1. Now, we only consider the case when
ICIli = |lw*]]x = 1. Since (C,u*) € (D), the subgraph G;(C,u*) is connected
and non-bipartite and the set Zoo(C, u*) = . Denote

€:= min{ min Cj;, min |u] } > 0.
C;;>0 uf#0
Suppose that we add a sufficiently small perturbation to the point (C, u*) such that
each component of C' and u* is changed by at most €/2. Then, all nonzero compo-
nents of C' and u* are still nonzero after the perturbation. Therefore, the edges of
the subgraph G4 (C, M*) are not deleted after the perturbation and, thus, the sub-
graph is still connected and non-bipartite. Similarly, after perturbation, each node in
To(C, M*) either becomes nonzero or is connected to Gy (C, M*), which implies
that Zoo (C, M*) is still an empty set. Therefore, the perturbed instance still belongs
to (D')¢. Hence, the set (D’)¢ is open and we obtain the relation D C D’. O

Using the results in Theorems 2.2 and 2.3, we provide an estimate on the scale
of the new metric. Since D is a bounded set, there exists an upper bound on the
minimum possible value of the complexity metric, which is defined below:

DT = min Dy (C, u*).

ces’turesy
The next theorem provides the expression of D",

Theorem 2.4 Suppose that n > 5. Then, it holds that

n_ : n?—3n—2
] 4o R lfOé S n?—sn+4
min __ n oon n
]D)oz - 2(1—a)(n—2)n+4a lfn+2 Sas n+1
n(n+1 . n
2(1—a)(n—2)(nt1)+4 foaz i

In the regime (n? —3n —2)/(n? —5n+4) < a < n/(n+ 2), we have the estimate

, n n?
prvin e )
o € {404’40[(71—1)}

The proof of Theorem 2.4 relies on the following two lemmas, which transform the
computation of D" to a one-dimensional optimization problem. The first lemma
upper-bounds the maximum possible distance.
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Lemma 2.1 Suppose that n > 2. It holds that

O™ < max _g(ae),
c€[0, =]

where the function g(«, c¢) is defined by

-2
g(a,c¢) := min {2(1 —a)- L +4ae, 4da(n —1)c,

2(1—a) —|—2a( 4(n — 2) >,
n
3
2(1 —a) e (3n —5)c
n o
-2 2
2(1—a)- —|—2a(—2n—1 )
n
201 —a)- 2= 1+2a —(n—1)e
n n '
We denote g;(«, ¢) be the i-th term in the above minimization for all ¢ € {1,...,6}.

The next lemma proves the other direction.

Lemma 2.2 Suppose that n > 2. It holds that

D7) > max_gla,e),

c€[0,7rm=]
where the function g(«, ) is defined in Lemma 2.1.

The proofs of both lemmas can be found in the appendix. Now, we provide the
proof of Theorem 2.4.

Proof (Proof of Theorem 2.4) By the results of Lemmas 2.1 and 2.2, we only need

to compute max . - glayc). Let k := (1 — ) /a € [0, +00]. We study three
"n(n—1

cases below.

Case I. We first consider the case when x > 2(n—3)/[(n—4)(n—1)]. We prove that
g(a, ¢) = ga(a, ¢). Since ga(a, ¢) has a larger gradient than ¢, («, ¢) and the function
gi(a, ¢) is decreasing in ¢ for i = 3,4, 5, 6, we only need to show that

1 1 .
) afagiy) e (egy) Heasas

The above inequality with ¢ = 1 is equivalent to x > 2/(n — 1), which is guaranteed
by the assumption that £ > 2(n — 3)/[(n — 4)(n — 1)]. For i € {3,4,5,6}, the
inequality (2.4) is equivalent to

2(n — 3) 2n — 2) 2 2 }_ 2(n — 3)
n—1)n-4)"n-1Dn-3"n-2"n-1J (—-1n-4)

m>max{
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Therefore, it holds that
gla, ) = ga(a, ¢) = da(n — 1)e.
whose maximum is attained at ¢ = [n(n — 1)]~! and

" 1 Yo
g%§Ta(Cvu ) =92 <04a n(n—l)) T

Case II. Then, we consider the case when x < 2/n. In this case, we prove that the
maximum is achieved by the intersection point between g1 (v, ¢) (an increasing func-
tion in ¢) and min{gs(a, ¢), gs(c, ¢)} (a decreasing function in c). The intersection
points between g; (a, C') and the other five functions are

K 2—-K 3—kK 1 1+k
2n” n(2n—-3)" 3nn-1)" n2’ nn+1)

In the regime x < 1/n, we have
K < 1+ &k < 1 < mi 2—K 3—kK
— — < min
- ~n? n(2n—3)"3n(n—1)’

2n ~ n(n+1)
which implies that the maximum is attained at ¢ = (1 + k)/[n(n + 1)]. Hence, the
maximum distance is

Igaﬂa(au*):gl <a, 1—|—/~€> 2(1—a)(n—2)(n+1)+4.

n(n+1) - n(n+1)

In the regime 1/n < k < 2/n, we have

K 1 1+k . 2—K 3—kK
— < - < — = <min , ,
2n —n? ~n(n+1) T n(2n—3)" 3n(n—1)

which implies that the maximum is attained at ¢ = 1 /n2. Hence, the maximum
distance is

Cu* n? 2

max Ta (Cu") = g1 (a, ! ) _20-a)n—2)n+da
n

Case I1I. We finally consider the case when 2/n < k < 2(n — 3)/[(n — 4)(n — 1)].
In this regime, the intersection point between go(«, ¢) and g5(a, ¢) is

Kk(n —2)+2

dn(n — 1) =

K
2n’

This implies that go(c, ¢) intersects with g5(c, ¢) before gi(,c¢). Therefore, the
maximum is attained at one of the intersects between go(«, ¢) and g;(«, ¢) for ¢ =
3,4, 5, 6. By calculating the four intersects, the optimal c that achieves the maximum
is given by

(k) ::min{li(n—4)+4 k(n—3)+3 k(n—2)+2 ,‘f(n—l)—l—l}7

n(6n—10) © nGBn—-7) * 4n(n—1)  3n(n—1)



Unified Complexity Metric for Matrix Completion and Matrix Sensing 15

which is an increasing function in . If K = 2/n, we can estimate that

2.5)

c*(r)

. {2(n4)/n+4 2(n—=3)/n+3 2(n—2)/n+2 2(n1)/n+1}
- n6n—10) ° nbGBnrn-7 7 4n(n—1) ° 3n(n-1)

— min 3n—4 om—6 1 3n—-2 _ 1
N n2(3n —5)" n2(5n—7)" n2" n2(3n—3) f n2’

Similarly, if K = 2(n — 3)/[(n — 4)(n — 1)], it holds that

1

(2.6) (k) = Y

Combining (2.5) and (2.6), we have

Therefore, the maximum distance satisfies the bound

pax Ta(C,u") = g2 o, ()] € {4‘1(”1) ﬂ .

)

n?2 n
This completes the proof. O

The results of Theorem 2.4 imply that in the regime where & > ©(1) and 1 —
a > O(n~1), we have D" = O (n). This suggests that n~'D,,(C, u*) may be a
dimension-free complexity metric; see more examples supporting this conjecture in
Section 3. In addition, the minimum possible value of the complexity is attained at

a = (n? —5n+4)/(n* —3n—2).

Hence, the set of possible values of the complexity metric attains the maximum size
by choosing o« = «*. This observation hints that o* may be the optimal choice of «
since it may enable the metric to differentiate instances with different complexities to
the maximum degree. Using the exact formulation of g(«, ¢) in Lemma 2.1, we plot
the minimum possible value of the complexity metric both without scaling and after
scaling by n~! in Figure 1. From the numerical results, we can see that the complexity
scales with n if «v is smaller than o, which is consistent with Theorem 2.4. If « is
larger than a*, the complexity metric for different values of n approximately lies on
the same curve.

In the following theorem, we show that if @ = «, the instances that attain the
minimum value of the complexity metric are unique up to sign flips to components
of the global solution.
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Fig. 1: Comparison of D" for n = 20, 50, 100. The red “x”” sign refers to the value

at o*. In the right plot, the complexity metric is scaled by n~1.

Theorem 2.5 Suppose that n > 5 and the instance MC(C, u*) satisfies

* n

Then, it holds that

N
|ui\—nv Cii =0, Vieln]; Cz_n(n—l)’

Proof By the assumption that the complexity metric of (C,u*) is finite, we have that
(C,u*) ¢ D. It follows from Theorem 2.3 that the subset Zoo(C, v*) is empty and
that G; (C, ux) is connected and non-bipartite. Let k := |Z; (C, u™)|. For each node
iop € I1(C,u*), we define the new weight matrix C' as
éioj = éjio =0, Vje Il(C, u*)\{lo},
~ 2

Cij =Cij + mzjemau*)\{io}

Vi,j € [n], i # j.

Ci,;, otherwise.

The subgraph G, (C, u*) is disconnected and, therefore, we have (C,u*) € D. It
follows that
4o

. *\1—1 * . — * L
Q27— =[Da(Cu)] 7 < a7[|C = Clly = da Zjezl(c,m\{io}cw'

For each node iy € Zp(C, u*), a similar construct of C leads to

4a*
2. = D~ 7 < 4o
( 8) n [ (Cvu )} S 2@ Z Co]

JET1(Cu*)

By summing inequality (2.7) over iy for all nodes in Z; (C, v*) and summing inequal-
ity (2.8) over i for all nodes in Zy(C, u*), it follows that

2.9) 4a* < da* > Cij + > Ci;
1,§€L1 (Cyu*),i#] i€Z1 (Cou*),j€Zo (Cu*)
S 40['< Z Cij S 401*,
i,j€[n],i#]
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where all inequalities should hold with equality. Since the last inequality in (2.9)
holds with equality, we obtain that

Cii =0, Vie [n]
It follows from the equality of inequalities (2.7) and (2.8) that
(2.10)

3 1 . > 1, )
Cij:ﬁ7 VlEIl(C,u )a Cij:;, VZGI()(C,U )
JETL(Cu)\{4} FETL(Cu*)

Using the condition that ||C||; = 1, the above equalities imply that all weights of C'
are limited to edges with a node in Z; (C, u*). Namely, we have

(2.11) }:K%wa%:ﬂl Vi € I, (C, u*).

If Z,(C, u*) is not empty, the above equality contradicts the second equality in (2.10).
Hence, the point (C,u*) satisfies that Zo(C,u*) = (). By a similar analysis of the
bipartite instance in Lemma 2.1, for every 4-element subset {i, j, k, £} of [n], it holds
that

2(1 = a)(1 = 7| = [uj| = Jug| = |ug]) + 4™ (Cyj + Cre) = 4™ /0.

Taking the average of the above equality over {4, j, k, £} for all 4-element subsets of
[n — 1], we obtain that

ﬂ1aﬂ<1

Using the first equality in (2.10) and the symmetry of C, it holds that ||C1.,—1.1:n—1][1 =
1 — 2/n. Substituting into the above equality, we know

3||ui. -
2(1 o OZ*) 1— ”ul.n—l”l — 4a* - n—3 )
n—1 n(n—1)

3wt s

n—1

* 2 —
) + 4o mﬂchnq,hnﬂnl =

By recalling that o* = (n — 1)(n — 4)/(n? — 3n — 2), the above inequality leads to
[01g—1llr = (n = 1)/n,

which is equivalent to |u}| = 1/n. By the same proof technique, we conclude that
[uf| =1/n, Vi€ [n].

By substituting back into equality (2.11), it holds for all 4-element subsets {1, j, k, £} C
[n] that

2
Cij +Cpe = ———,
i+ Gkt n(n —1)
which implies that

1

C’Z‘A:n(n—l)7

Vi,j €n] s.t. i#j.
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The above theorem states that if we choose the weight o = a*, the “easiest”
instance is unique up to a change in the signs of the components of the global solution
u*. In the next theorem, we show that a similar property as o* holds if we set « to be

a®:=n/(n+2).

Theorem 2.6 Suppose that n > 5 and the instance MC(C,u*) satisfies

n(n+2)

DQO(C,'LL ):Da :m

Then, it holds that

1 1
=—, Vi ;7 C=—=1,.
uf| ==, Viep) C=-

Since the proof is similar to that of Theorem 2.5, we omit it for brevity. The above
theorem implies that the weight matrix C' of the “easiest” instances is a constant mul-
tiple of the identity matrix I,,, which satisfies the J-RIP5 5 condition with 6 = 0. This
is consistent with the common sense that the RIP constant § being 0 is the optimal sit-
uation. Hence, Theorem 2.6 suggests that the choice a® = n/(n +2) may potentially
be the optimal choice of a.. On the other hand, we will prove in Section 4.1 that the
“easiest” instances in Theorems 2.5 and 2.6 all have a benign landscape in the sense
that they satisfy the strict-saddle property [45], which guarantees the polynomial-time
global convergence of various algorithms. If the weight « is different from o and
«®, there may exist multiple “essentially” different instances attaining the minimum
complexity.

3 Connections to existing results

In this section, we provide estimates of the proposed complexity metric on well-
studied problem instances. More specifically, we consider matrix sensing problems
satisfying the RIP condition and matrix completion problems under the Bernoulli
model. In addition, we construct a class of instances parameterized by a single pa-
rameter. We estimate the threshold of the parameter that separates instances with a
desirable optimization landscape from those with a bad landscape.

3.1 Matrix sensing problem: RIP condition

We first consider instances of problem (1.7) that satisfy the 6-RIP3 5 condition, where

0 € [0, 1) is the RIP constant. However, the constraint that C' € Sf:l_ ! is inconsistent
with the RIP condition (1.3) in the sense that the entries of C' are averagely on the
scale of n 2, but the RIP condition requires that the entries of C' be on the scale of
O(1). Therefore, we generalize the definition of the RIP condition to deal with the
inconsistent scaling:
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Definition 3.1 Given natural numbers r and s, the function f(-; M*) is said to satisfy
the Restricted Isometry Property (RIP) of rank (2r,2s) for a constant 6 € [0, 1),
denoted as 0-RIPy; o5, if there exist constants ci,co > 0 such that co/c1 = (1 +

0)/(1 —¢) and
(3.1) allKlf < [V2F(M; M9)] (K, K) < e K%
holds for all matrices M, K € R™*™ such that rank(M) < 2r, rank(K) < 2s.

The above definition of the RIP condition is scale-free in the sense that for any con-
stant ¢ > 0, the function cf(-; M™*) satisfies the 6-RIPy, 25 condition if and only if
f(-; M*) satisfies the same condition. The following lemma transforms the RIP; 5
condition to a condition on the weight matrix C'.

Lemma 3.1 Given a constant 6 € [0,1), the instance MC(C,u*) satisfies the §-
RIP; 5 condition if and only if

minl—,je[n] Ci‘ 1-46

max; je[n] Cij — 1+ 5

The proof of Lemma 3.1 can be found in the appendix. Since the instances sat-
isfying the RIP condition have a benign optimization landscape, we expect that the
complexity metric is upper-bounded for those instances. With the help of Lemma 3.1,
we provide an upper bound on the complexity metric of every instance satisfying the
0-RIP; 5 condition.

Theorem 3.1 Suppose that § € [0,1) is a constant and the instance MC(C,u*)
satisfies the 0-RIP; o condition. Then, it holds that

o o n?(140)—20
Da(cau ) < m

The minimum distance is attained by the instance MC(C°,u?), where

1-9 Lo 1+96
(1+6)n2—25" Y (1+0)n2—-20"
u‘{zl; uf:O, Vi > 2.

CY = Vi, j € [n] x [n]\{(1, 1)};

Proof Suppose that (C:’7 @*) € Dis the closest pair in D to (C, u*). By Theorem 2.3,
at least one entry of C is 0. Suppose that C; ;, = 0 for some indices ig, jo € [n].
Then, the distance between C' and C' satisfies

0Jo

|C = Cll1 > 2Ciyj6-

By Lemma 3.1, the minimum value of C;;, can be estimated by

1494 (n?—1)(1+6)+1
1= 3 Cy<Cij+ Y T Cioio = - -G

i,jE[n] (i’j)i(iO:jO)

0Jjo*
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It follows that
1-6

S
Clon 2 L2 15) — 26

Therefore, the distance between (C,u*) and (C, @*) satisfies

A * ~ % 20[(1 — 5)
o€ =Gl + (1 =)l — 'l > 200, > o s
The upper bound on D, (C, u*) stated in the theorem can be derived by taking the
inverse of the above inequality. For the instance MC (C%, u?), the closest parameters
in D can be constructed by setting C?; to 0 and normalizing the remaining entries of

C. O

We note that the upper bound on D, (C, ©*) is increasing in d, which is consistent
with the intuition that a smaller § will lead to a better optimization landscape.

By suitably generalizing the definitions of D, (C, u*) and D, the results in Theo-
rem 3.1 can be extended to the general problem (1.2) in the rank-1 case with a slightly
weaker bound. In this work, we provide one possible generalization. For the problem
(1.2), each instance is defined by the loss function f(-;-) and the ground truth M™*,
which we denote as (f, M*). We assume that the loss function satisfies

(2) JOM' M) = min f(K;M"),

YM* e R™*"™ s.t. M* >0, rank(M*) = 1.

In the special case when f(-;-) is the weighted ¢5-loss function in (1.7), the above
condition implies that C;; > 0 for all 4,j € [n]. Similar to the normalization con-

straint C' € Sf:l_ !, we consider any objective function f(-; M*) with the property
that
(3.3) D ey MM Eijs M) = f(M5 M) =1,

where F;; is defined in (C.1). For the normalization constraint u* € S{L_l, we con-
sider any global truth with the property that

(3.4) Zie[n]‘/Mi*i =1.

The set of degenerate instances is given by

D= {(f,M*) £(+;+) and M* satisfy (3.2)- (3.4),

IM £ M* st f(M; M*) = f(M*; M*), M* = 0,rank(M*) = 1}.
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The “entry-wise £1-norm” between two arbitrary functions h!(-) and h%(-) with the
domain R™*" is defined as the restricted /.. -Lipschitz constant of h! — h%. Namely,
we define ||h! — h2||; to be

h'(K) — h?*(K)) — (h*(L) — h*(L
”hl_hQHl:: sup ‘( ( ) ( )) ( ( ) . ( ))’
K,LERn*n max; e (Kij — Lij)
s.t. K#L, rank(K—L)<2.
For every constant a € [0, 1], the distance between two instances (f, M*) and
(f, M*) is defined as
dista [(f, M*), (f, M*)} = all f( M) = f(s M)+ (1= a)llu” =@,

where u*, @* € R™ satisfy u*(u*)T = M* and @*(a*)” = M*. Finally, the com-
plexity metric is given by

-1
Da(f,M*):[Jnf dista (f,M*),(ﬁM*)H :
(f,M*)eD

We note that the definitions of D and D, (f, M*) are consistent with those of instance
(1.7). The following theorem provides an upper bound on the complexity metric of
any instance satisfying the RIP, 5 condition.

Theorem 3.2 Let o« € [0,1] and 6 € [0, 1) be two constants. Suppose that the func-
tion f(-; M*) satisfies the 0-RIP; o condition and the normalization constraint (3.3).
Then, it holds that

n?(1+96)

a(l—9)

Proof We fix the instance (f, M) and assume that ( f, M*) € D. Suppose that the
matrix M # M* satisfies

Do VM =1, (MG M) = J(M; M),
We first consider the case when M # M*. In this case, we can estimate that
B.35)  [If (M) = F(5 M)k
(£ M%) = Fts 0] = [£(vs ) = e o) ||
max; jep](Mij — M;‘])2 ]
LF(M; M) = F(M*5 MO)] + [ F(M5 01%) = F(M; 0T) |
max; jein] (MZ — M{;)2

Do (f, M*) <

>

LF(M; M*) = FQM5 M)+ [F(M5 017) = FT; 37)] |
maxiyje[n] (M” — M;})2
L JOGMY) = M) e/ M - MR e

- maxi7je[n](Mij — M;})2 - maxiyje[n](Mij — M:})2 - 2 ’
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where c; is the constant in the RIP condition of f(-; M*). The second inequality is
due to

FOM;M*) = f(M*5M7) >0, f(M*5M*) = f(M*; M*) > 0.

The second last inequality follows from the global optimality of M* and the second
inequality after inequality (12) in [57], namely,

waMﬂzﬂMﬁMﬂ+%ww_Mw; VM € R™" rank(M) < 1.

Now, we provide a lower bound on c;. Using the normalization constraint (3.3) and
the stationarity of M *, it holds that

C

2

* * * * Comn

L= 3 O+ By M) = fOM) < 20 37 1By} = E5
bIetn] ij€ln]

2o | S

which implies that c; > 2n~2. Using the relation ¢z /c; = (1+6)/(1—§), we obtain
that

. 2(1-19)
Y21+ 0)
By substituting into inequality (3.5), it follows that
G M%) = FG N 2
’ ’ YT R+ o)

which leads to dista[(f, M*), (f, M*)] > a(1 — 8)/[n%(1 + &)]. Now, the desired
bound on D, (f, M*) follows from taking the inverse. In the case when M = M~,
we can replace M with M* and the proof can be done in the same way. O

We note that in Theorems 3.1 and 3.2, the normalization constraint on ©* is not
used. Therefore, the upper bound may be loose for certain instances since the infor-
mation about the global solution is not used. On the other hand, in the case when
a(l — &) = O(1), the upper bound is on the order of O(n?), which is O(n) larger
than the minimum possible complexity metric in Theorem 2.4. Now, we provide a
remedy to the aforementioned issue for problem (1.7). With the knowledge about the
incoherence of the global solution, we can improve the upper bound on the complex-
ity metric.

Theorem 3.3 Suppose that the instance MC(C, u*) satisfies the 0-RIP3 5 condition
and u* satisfies the p-incoherence condition. Then, it holds that

Do (C,u*) < max{;((llt%))’ 0 _1 a)u} x min { (; - i)l ,:m} .

Before proving the estimation of the complexity metric, we prove two properties
of p-incoherent vectors.

Lemma 3.2 Given any constant i1 € [1,n], suppose that u* satisfies the p-incoherence
condition and ||u*||1 = 1. Then, the following properties hold:
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1. u* has at least n/u nonzero components;
2. Juf| < p/nforalli € [n].

The proof of Lemma 3.2 can be found in the appendix. We first lower-bound the
perturbation of the weight matrix C'.

Lemma 3.3 Suppose that the instance MC(C,u*) satisfies the §-RIP3 2 condition

and the weight matrix C' € S ! has N zero entries, where § € [0,1) and N € [n?].
Then, it holds that

- 2(1-96)N
C—-Cl|1>22 Cij > — ",
I = Z(i,j)e/\/ 7= (1+0)n2 — 26N
where N is the set of indices of zero entries of C.

Proof The §-RIP; > condition implies that

min; ; C” 1-96
max; ; Ci; 1 +6

Therefore, considering the average of entries in A and that of entries not in N, we
have

% Z(i,j)GN Cij S 1-9

which further leads to

S oirs ey X G ey (10 2 O

(i,5)EN (m)éN (1,5)EN

The above inequality is equivalent to

Z oy (1-90)N
(i)eN 7 = (1 +6)n2 — 26N’
Hence, the distance between C' and C is lower-bounded as

2(1 — §)N

> ——.
”C 0”1 2Z(z,j)ef\/ W= (1 + 5)%2 — 20N

This completes the proof. d
Proof (Proof of Theorem 3.3) Suppose that MC(C,@*) € D is the instance such that
[Da(Cyu)] ™ = al|C = Clly+ (1 = a)Ju” — a1

In the following, we split the proof into two steps.
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Step 1. We first fix ¢ and consider the closest matrix C to C such that (C’ ,u*) € D.
Let k := |Z;(C, @*)|. Without loss of generality, we assume that

T(C,a*) ={1,...,k}, Zo(C,a")={k+1,...,n}.

We first consider the case when k > 2. If G4 (C‘ ,@*) is disconnected, at least 2(k —1)
entries of C' are 0. If G, (C, @*) are bipartite, at least k2/2 > 2(k — 1) entries of C
are 0. If IOO(C' ,W*) is non-empty, at least 2k entries of C are 0. Otherwise if k = 1,
at least one entry of C should be 0 to make G, (C’ , @*) bipartite. In summary, at least
N (k) entries of C are 0, where

N(k) := max{2(k — 1),1}.

Using the results in Lemma 3.3, the distance between C' and C is at least

) 21 — S)N (k)
(36) 16 =Ch = T 5w —2on )

We note that the distance is monotonously increasing as a function of k.

Step II. Now, we consider the optimal choice of 4* based on the lower bound in (3.6).
Let ~
=T (Cou")|, k:=|T1(C,a")|.

Since the distance between C' and C' is a monotonously increasing function of k,
the minimum distance between (C,u*) and (C,#*) cannot be attained by k > /.
Therefore, we focus on the case when k < £. Without loss of generality, we assume
that

uil = lug| = -+ > Jug| > 05 Juj[ =0, Vi>{l+1.

Then, the distance between u* and @* satisfies

¢
3.7 u* — ¥y > 2 ull.
(3.7) [ =2y ]

Denote the distance between (C, u*) and (C,@*) by
do := al|C = C|l1 + (1 — a)|Ju* — a@*|;.

Step II-1. We first consider the case when 1 < 2n/3. Combining inequalities (3.6)
and (3.7), we obtain a lower bound on d,:
. 2a(1 — O)N (k) ¢
de > 2(1 - -
- Hél[lél] [nQ(l +06) — 20N (k) +2 a)zi:kJrl'ul
For every k € [¢], the term inside the above minimization can be lower-bounded by
2a(1 — 0)N (k) ¢
2(1 — ¥
n?(1+40) — 20N (k) +2 a)zi:k+1|uz |
20(1 =6)-2(k—1) ¢
> 2(1 - :
- n2(1+9) + a)zi:m—l‘ul
4a(l = 9) «

EEEERR RE )Y

J4
i=k+1
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The minimum of the right-hand side over k € [¢] can be solved in closed form and is
equal to

¢ . [4a(l1 -0 .
21:2 min {M,Q(l — a)|uz|}

Using the second property in Lemma 3.2, we have

(4ol —6) . . f4a(l =6) nlu]] i
= 7 - L > . — ,
mln{n2(1+6),2(1 a)|u; } _m1n{n2(1+6> m ,2(1 — o) |u;
. [4a(l—9)
= —=,2(1 - - Jul.
win {2902 21—}
Taking the summation over k € {2, ..., ¢}, we can conclude that
¢ . [4a(l-9) .
(38) da Z E k_21n1n{lm(1+6),2(1—a)} . |’U,Z|

. [4a(l-=9) ¢ .
= 1min {M,2(1 — O[)} . Zk:2|ui |
Using the second property in Lemma 3.2 and ||u*||; = 1, it follows that

¢
S p>1-E
k=2 n

Substituting back into inequality (3.8), we have

do zmin{m,2(1—a)} : (1—%).

Step II-2. Next, we consider the case when 1 > 2n/3. By Theorem 3.1, the distance
is at least

2a(1 = 6) 2a(1 = 6) . [4a(1—90) 1
2 (1 46) =2 = (3/2p-n(l+0) me{;m(lJré)’Q(l _0‘)} 3

where the second inequality is due to the assumption that ;1 > 2n/3.
By combining Steps II-1 and II-2, the distance is lower-bounded by

do > min{m,2(l —a)} x max{l - Z;}

:min{m’m —a)u} x max{i = :L;M}

The proof is completed by using the relation between d,, and T, (C, u*). a
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From the above theorem, we can use the weight a to control the balance between
the RIP constant § and the incoherence p. If we choose 1 — a = ©(n™1), then the
complexity can be upper-bounded by

Duicary = mac{0 (1£),0 (1)} <0 (. 10,

In addition, if it holds that 4 = O(1) and (1 — 6)~! = O(1), then the complexity is
upper-bounded by O(n), which matches the minimum possible complexity in Theo-
rem 2.4 up to a constant. Although the complexity metric may have a large value for
extreme instances (i.e., instances with a large incoherence), the complexity of regular
instances achieves the optimal value up to a constant. We conclude the discussion of
instances with the RIP condition by showing that the dependence of § in Theorem
3.3 is tight up to a constant.

Theorem 3.4 Suppose thatn > 4, o € [0,1], u € [1,n] and § € [0,1). Let £ :=
[n/p]. Then, there exists an instance MC(C, u*) such that MC(C,u*) satisfies the
0-RIP; o condition and

oo nd+0) ny
> 9 .
Da(Cou') > i mm{uﬂ_wu}

Proof The proof is split into two different cases.

Case I. We first consider the case when 1 < n/2. We construct the weight matrix C
as

_ , . 1 .
Cli = Cil = 0, Vi € {27 . ,£}7 C” = m, otherwise.
For the instance MC(C‘, u*), node 1 is disconnected from nodes {2, .. ., £} and thus,
the subgraph G+ (C, u*) is disconnected. This implies that (C',u*) € D. The matrix
C is defined as
1-46
(14+0)n2 —45(£—1)’
140

= , otherwise.
Cij (AT 02 —23(0=1) otherwise

Cli:Cilz Vi€{2,...,€};

By Lemma 3.1, the weight matrix C' ensures that MC(C, u*) satisfies the 6-RIP3 o
condition. The complexity of MC(C,u*) is lower-bounded by

1+6)n? —45(¢—1)
da(t —1)(1 —9)
(1+6)(n?—-2n) n(1+6) n-2 - n(1+9) nu

Da(C.u) 2 (afC - ) =

T da(l—-1)(1=6) 4a(1—=0) (-1 " 4a(1—=6) 2(nl—1)

where the second last inequality follows from 46 < 2(1 + §) and the last inequality
is due ton > 4.
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Case II. Next, we consider the case when p > n /2. Theorem 3.1 implies that there
exists an instance MC(C, u*) such that

(1+5)—25>(n2—1)(1+5)> n(l+6) n
201—6) = 2a(1—6) ~2a(1-6) 2

2
Dy (C,u*) = 2

where the first inequality results from 20 < 14§ and the second inequality is in light
of n > 4. Using the condition that i < n, it follows that

. n(1l+9)
Do (C,u") = m'ﬂ

Combining Cases I and II completes the proof. O

3.2 Matrix completion problem: Bernoulli model and incoherence condition

Next, we consider instances MC(C, u*) of problem (1.7) where the global solution
u* is p-incoherent and the random weight matrix C' obeys the Bernoulli model. Sim-
ilar to the RIP condition, we need to generalize the definition of the Bernoulli model
under the normalization constraint.

Definition 3.2 Given the sampling rate p € (0, 1], a random matrix C € S’f:f Lis
said to obey the Bernoulli model if
Zk,@e[n] Oke ’

where {0y¢|k, ¢ € [n]} are independent Bernoulli random variables with the parame-
ter p.

Cij = V’L,j S [n],

We note that the above model is well defined only when ZZ j d;; > 0, which happens
with probability 1 — (1 — p)”2 > 1 — exp(—n?p). This probability is sufficiently
large if np > 1. In [15], the authors showed that p > ©(ulogn/n) is necessary
and under this condition, the success probability is at least 1 — O(n~#"). Therefore,
we only focus on the case when the event Zi’ j d;; > 0 happens. In the existing
literature [14,27,18], the instances obeying the Bernoulli model are proven to have
no spurious local minima. We show that our complexity metric is able to characterize
this property by proving an upper bound on the complexity metric.

Theorem 3.5 Given p € [1,n] and p € (0,1), suppose that the weight matrix C
obeys the Bernoulli model with the parameter p and that u* satisfies the p-incoherence
condition. If n > 2 is a constant and the sampling rate satisfies

{1 16(1 + nu) logn + 16}

p > min
n

it holds with probability at least 1 — 3n~"/2*1 that

3n 1 1 1\ !
) < Y TN =
pu(Co) <mec{ g ()
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We first establish several lemmas before providing the proof of Theorem 3.5. The
first lemma is the Chernoff bound for the sum of Bernoulli random variables [51].

Lemma 3.4 Suppose that X1, ..., X,, are i.i.d. Bernoulli random variables with the
parameter p. Then, it holds that

mp —mp

i€[m] 1€[m]
The next lemma provides an upper bound on the total number of nonzero entries.

Lemma 3.5 Suppose that n > 3. With probability at least 1 — exp(—np/10), there
are at most 3n*p/2 nonzero entries in C. With the same probability, it holds that

ij = m, Vi, j € [n] s.t. Oij > 0.
Proof For the n(n—1) non-diagonal entries of C', Lemma 3.4 implies that there are at
most (3/2)-n(n—1)p nonzero entries with probability at least 1 —exp (—n(n — 1)p/20).
For the n diagonal entries of C, the same lemma implies that there are at most
(3/2) - np nonzero entries with probability at least 1 — exp (—np/10). Combining

both parts concludes that there are at most (3/2) - n%p nonzero entries in C' with
probability at least

1 —exp (—n(n —1)p/20) — exp (—np/10) > 1 — 2exp (—np/10),

where the last inequality is due to n > 3. The lower bound on C';; follows from the
normalization constraint. O

For every fixed global solution @*, the next lemma estimates the distance between
(C,a*) and D.

Lemma 3.6 Suppose that u* is a given vector and the random matrix C' obeys the
Bernoulli model. In addition, suppose that n > 2 is a constant and

16(1 + nu)logn + 16 }
n )

o > o pzmm{l,
24

where ||0*||o is the number of nonzero entries of i*. For every instance (C,u*) € D,
it holds with probability at least 1 — 3n~"/2 that

5 A(l[a*flo — 1)
— >~ - 7.
IC~Clh > =55

Proof Foralli,j € [n], we define Bernoulli random variables X, to be 1if C;; > 0
and O otherwise. Then, X;; are independent identically distributed Bernoulli random
variables with the parameter p. Let N := Z - X;; be the number of nonzero weights
in C. By the definition of the Bernoulli model all nonzero entries of C' are equal to
N~1. Since the global solution %* is fixed, we assume without loss of generality that

Ti(C,a*) = [0], To(C,a*) ={C+1,...,n}.

We fix C' to be a weight matrix such that (C’ ,u*) € D and investigate three cases.
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Case I. We first consider the case when G (é’ ,u*) is disconnected. Suppose that I
and Ilg are a division of [¢] such that the nodes in fn are not connected with the
nodes in Ilg In addition, we denote &k := |I11| and assume that k& < ¢/2. Since the
nodes in Ill are disconnected from the nodes in 1'12, at least

2y Xy
i€Z11,j€L12

nonzero entries in C' are equal to 0 in C'. Therefore, we have

- 1 4
IC=Clly> -4 > Xij =+ > X
i€Z11,j€L12 i€Z11,j€ZL12
Using Lemma 3.4, it holds that
k(L —k)p

1 -
z X > 3 |Z11||Z12|p = 5

i€Z11,5€L12
with probability at least 1 — exp(—k(¢ — k)p/8). Since k(¢ — k) > £ — 1, one can
write:
4 4 (L—1p 20—1)p
. Xy > — - =
9 NIC-Clhz% > Xyz2g N
i€Z11,j€T12

with the same probability. Considering the union bound over all weight matrices C
for which G, (C, 4*) is disconnected, inequality (3.9) holds with probability at least

A e A O e

k=1 k=1

1£/2]
=1- Z exp [k—i—klog(i) _k(fSk)p} ,

k=1

where the inequality uses the relation ( ) < (Le/k)*. Using the relation that k < £/2,
we can estimate that

exp |k + klog (i)_k(é—gk)p] [k—l—klogﬁ—kfg)}

—ex [ ke ([ 16(1 +logt) < ox ke 1+logn
P T \P ‘ =P 1716 \P
[ k

<exp ke 16nulogn] — oxp <_77,uk€10gn> . PP+
| 16 n n

where the second last inequality is from the assumption on p and the last inequality
is from ¢ > n/(2u). By taking the summation over k = 1,...,[¢/2], it follows that

L¢/2] Le/2]

l k(L —E)p _n.g
1— 1 - -——=>1-
Zexp{k—i—kog(lﬁ) 3 > n_2
k=1 k=1
S1— sy
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where the last inequality is due to n~"/2 > n~! > 1/2. Therefore, inequality (3.9)
holds with probability at least 1 — 2n~"/2. Using the lower bound of N in Lemma
3.5, the distance between C' and C is at least

2 40— 1)
— 20— 1)p=———
3n?p ( P 3n2
with probability at least

1—2n""2 —exp(—np/10) > 1 — 20~ "2 — p=41/5 > 1 _ 3p,77/2,
Case II. For the case when IOO(C' , @*) is non-empty, the analysis is the same as Case
I. and it holds that

406 —-1)
3n?

IC=Cllr =

20— 1)p=
= 302 (¢—1p

with probability at least 1 — 3n~"/2.

Case I11. Finally, we consider the case when G4 (é , ") is bipartite. In this case, we
show that there exists a set of indices Z C [n]? with at least max{¢?/2, 1} elements
such that

éij:07 V(Z,])EI
The proof of the above claim can be found in the proof of Theorem 3.3 and we omit
it here. If ¢ > 2, we have ¢2/2 > 2(¢ — 1) and the proof is the same as Case I.
Otherwise if £ = 1, the inequality

-1

—C|; >

=0
always holds.
By combining the above three cases, it holds with probability at least 1 — 9n~"/2
that
40 —1)

o -l 2 2o

Now, we are ready to prove Theorem 3.5.

Proof (Proof of Theorem 3.5) Suppose that the instance MC(C, @*) € D attains the
maximum in (2.2). Denote

do = a||C — C‘Hl +(1—a)|lu* —a*|;.
Let ~
k=1 (C,u")|, £:=|T:(C,a")|.

Similar to Theorem 3.3, our goal is to decide the optimal global solution @*. By
Lemma 3.6, the high-probability lower bound of ||C' — C||; is increasing in ¢. Hence,
the optimal choice of ¢ is not larger than k. We then analyze two cases.
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Case 1. We first consider the case when ¢ < n/(2u). Since ¢ > 1, it follows that
< n/2.By Lemma 3.2, at least k — ¢ > n/(2u) nonzero entries in u* are equal to
0 in @*. Hence, the distance between u* and @* satisfies

|u*—a*||122(1_”.“)21
2u n

Therefore, it holds that

- —1
Da(C,u") = dz* = [allC = Cll + (1 = a)lju* = "1
<

1 —1
Slia 2(1104)'(1_%) :2(11a)u<;_i> '

Case II. Next, we focus on the case when ¢ > n/(2u). By Lemma 3.6, it holds with
probability at least 1 — 3n~"/2 that

A(0—1)

. —Cly >
(3.10) 1C=Clli > 32

By considering the union bound over ¢ € £ := {[n/(2u)],...,k}, the probability
that inequality (3.10) holds for all ¢ € L is at least

1—(0—2) 3p/2 > 1 _3p—n/2+1,
21 -

In the remainder of this proof, we assume that inequality (3.10) holds for all £ € L.
In addition, we assume without loss of generality that

i = uz) = o > ] > 05 fuf| =0, Vi k1.

By the assumption of this case, at least £ — ¢ nonzero entries in ©* are equal to 0 in
«*. Then, we can estimate that

k
do > M+2(1—oz) > qu‘]

> min [ 32
2p) <<k n
n/(2usts i=0+1

k
> min l“(’“_l)mu—a) > |u;‘|].

T 1<e<k 3n2 )
=041
The above minimization problem can be solved in closed form, which leads to

k . 4o N
da Z Z@—lmln{?mz72(1 _a)|uz }

By the second property in Lemma 3.2, we have

k k
4 4
do > z§_2:min{3::l|uf,2(1 — a)|ur } - min{3a,2(1 - a)} S Ju

un
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The desired upper bound follows from D, (C,u*) = d!.
By combining the above two cases, the distance d,, satisfies

3n 1 1 1\ !
*) < - - L .y =-_=
u(Co) < mac g - ()

with probability at least 1 — 3n~"7/2+1, 0

By Theorem 3.5, if 1 — a = ©O(n~'u~!), then the complexity of instances
obeying the Bernoulli model is on the order of ©[n?u/(n — p)]. If the incoherence
1 = O(1), the complexity is on the order of O(n), which matches the minimum pos-
sible complexity up to a constant. Therefore, the proposed metric can also serve as a
good indicator for the matrix completion problem with the Bernoulli model. Finally,
we note that the bound p > @(ulogn/n) is optimal up to a constant [15]; see also
the discussions in Appendix E of [25].

3.3 One-parameter class of instances

In Sections 3.1 and 3.2, we provided several upper bounds on the complexity metric.
In this part, we consider a class of instances that are parameterized by a single param-
eter € € [0,1]. Intuitively, when the parameter grows from 0 to 1, the optimization
landscape of the instance becomes more benign. Unlike the previous results in this
section, the analysis of the small parameter case provides necessary conditions for
the existence of spurious local minima. More specifically, we fix G = (V,E) to be
an unweighted undirected graph without self-loops, where the node set is V = [n].
We consider the maximal independent set of G, which is defined as follows:

Definition 3.3 For an undirected graph G = (V,E), aset S C V is called an inde-
pendent set if no two nodes in S are adjacent. The set S is called a maximal indepen-
dent set if it is an independent set with the maximum number of nodes 2.

Suppose that S C [n] is a maximal independent set of G. For every € € [0, 1], the
instance MC(C*, u*) is defined by

@1l Cf=¢/Z, VijeS§S st iFj Cf:=1/Z, if{i,j} €E;
Cii=1/Z., Yie[n], Cf:=0, otherwise,
u=1/m, VvieS; wu:=0, Vi¢gs,

7
where m := |S| and Z, := 2|E| + n + m(m — 1)e is the normalization constant. In
the remainder of this subsection, we assume without loss of generality that S = [m)].
First, we study for what values of e the instance MC(C*¢, u*) has benign land-
scape or has spurious local minima. We first prove that the spurious second-order

2 We note that this definition is different from the common definition of maximum independent set,
which only requires that a maximum independent set is not a proper subset of an independent set.
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critical points® (SSCPs) of the instance MC(C¢,u*) are closely related to those of
the m-dimensional problem

. 2 1)2 e 1)2
(3.12) wrgﬂl& Zie[m}(xi 1) —l—ezi,je[m]’i#(mlm] 1)~

Lemma 3.7 If problem (3.12) has no SSCPs, then the instance MC(C¢,u*) has no
SSCPs. In addition, given a number N € N, suppose that problem (3.12) has N
SSCPs with nonzero components at which the objective function has a positive def-
inite Hessian matrix. Then, the instance MC(C*,u*) has at least N spurious local
minima.

Proof To prove the first part of the theorem, we assume that problem (3.12) has
no SSCPs. Suppose that u® € R" is a second-order critical point of the instance
MC(C¢, u*). Calculating the gradient of g(u; C,u*) with respect to u; for any index
1 > m leads to
g(ul: C°. u*) = 4(u)3 0492 =
ZVig(u O ) = A 44y ) =0,

where V,g(+; C¢,u*) is i-th component of the gradient. By multiplying «? on both
sides, it follows that

4(ud)t +4(u)) (uf)? =0,

j€n] {ij}eE" 7
which implies that uY = 0 for all i € {m + 1,...,n}. Calculating the gradient and

the Hessian matrix with respect to u;.,, yields that

0. ve ) x\ _ 0/,,0,0 2
ZNig(u’; C% u*) = 4ezje[m]’j#uj(u-uj —1/m?)
+ 4u?[(u?)? — 1/m?], Vi€ [m];
ZV3hg(s O ) = 12(u))? —4fm?® 4y | ()P, Vi€ [m;
ZGijg(uo;Ce,u*) = 46(2u?u2 —-1), Vi,je€[m] s.t. i#j,

where V,;;g(-; C¢,u*) is the (7, j)-th component of the Hessian matrix. By defin-
ing 2° € R™ as 2 := mu for all i € [m)], the above gradient and Hessian ma-
trix turn out to be the same as those of problem (3.12). Since the first m entries of
Vg(u®; C¢, u*) are 0 and the first m-by-m principle sub-matrix of V2g(u?; C¢, u*) is
positive semi-definite, the point 2 is a second-order critical point of problem (3.12).
In addition, the point u" is a global optimum if and only if |u{| = 1/m foralli € [m],
which is further equivalent to 9 = 1 for all i € [m] and z° is the global solution to
problem (3.12). Therefore, the point 20 is a SSCP if u° is a SSCP, which is a contra-
diction to the assumption that problem (3.12) has no SSCPs. Therefore, the point u.°

is a global minimum of the instance MC(C*, u*).

3 A point u € R™ is called a spurious second-order critical point if it satisfies the first-order and the
second-order necessary optimality conditions and uu® # w*(u*)T.
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For the second part of the theorem, suppose that 2° is a SSCP of problem (3.12),
where the Hessian matrix is positive definite and z{ # 0 for all i € [m]. We construct
u® € R™ by setting uf := m~1z¥ for all i € [m] and v? = 0 for all i € {m +
1,...,n}. By similar calculations, we can prove that the Hessian matrix at u° is a
block diagonal matrix with two blocks, where the first block is H (x; €) and the second
block is a diagonal matrix with positive diagonal entries. Moreover, the gradient at
u? is equal to 0. Hence, u° is a SSCP with a positive definite Hessian matrix. The
construction shows that the mapping from x° to u° is injective. ]

To simplify the notations in the following proofs, we denote the gradient and the
Hessian matrix of the objective function of problem (3.12) by

gi(z;e) =4 {xf’ —xz; + ezﬁéixj(xixj - 1)} ,  Vie[m];
H;i(z;e :24[3902—14—6 xQ-], Vi € [m];
(@) mafsa—1+Y o], vien)
H;j(z;¢€) :==4e(2xyz; — 1), Vi,j€[m] st. i#j.
The following theorem guarantees that the instance MC(C*, u*) does not have spu-

rious local minima when € > O(m~1).

Theorem 3.6 If ¢ > 18/m, the instance MC(C¢,u*) does not have SSCPs, namely,
all second-order critical points are global minima associated with the ground truth
solution M*.

Proof By Lemma 3.7, we only need to prove that problem (3.12) has no SSCPs. The
conclusion holds when € = 1 since the §-RIP; o condition holds with 6 = 0 and
the results in [59] guarantee that there is no SSCP. In the remainder of the proof, we
assume that € € [0,1). Suppose that z° € R™ is a second-order critical point of
problem (3.12). Denote

Sp=Y (@), VkeN.
1=

Using the first-order optimality conditions, we have

(3.13) 0= *Z cm (1 - 6)53 — (1 — 6)5’1 meS1 + €515,

0= 4216 zgz , ) (1*6)54*(176)52765124»6322'

Using the second-order necessary optimality conditions, the curvatures of the objec-
tive function along the directions

cy =@V —1,...,2% —1) and c_:=(2%4+1,...,2° +1)
are given by
¢t H(ws€)er /4 =3(1— €)(Sq — 253 + Sa) + [€S2 — (1 — €)](S2 — 251 + m)
+2¢(S2 — 25,81 + S?) — €(5% — 2nS; +m?) >0,
T H(x;€)e_ /4 =3(1—€)(Sy +2S3 + S2) + [eSy — (1 — €)](S2 + 251 +m)
+ 2€(S5 4 25587 + 57) — €(S? 4 2nS; +m?) > 0.
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Using the relations in (3.13), we can write S3 and Sy in terms of S7 and S5, which
leads to

(3.14)
[me + 5(1 — €)]Sy + 4€S? — 4[me + (1 — €)] - |S1]| — [m?e + m(1 —€)] > 0.
Let ¢ be a positive number such that
S% = CSQ.

Using Holder’s inequality, we have ¢ € [1, m]. We note that in the case when Sy = 0,
it holds that S; = 0 and we can choose c to be any constant in [1, m]. Then, inequality
(3.14) can be written as

(3.15)
[me +5(1 — €) + 4ed] Sy — 4[me + (1 — €)]v/e - /Sa — [m?e + m(1 —€)] > 0.

Inequality (3.15) is a quadratic inequality in 1/.S5 and thus, it can be solved in closed
form, namely, inequality (3.15) is equivalent to

(3.16)
VS

>4[m6 + (1 = &)y + /4Ame + (1 — €)][8mec + 4(1 — €)c + m2e + 5m(1 — €)]
- 2[me + 5(1 — €) + 4ec]

=my/me+ (1 —¢) - |\/[8me + 4(1 — €)]c + m2e + 5m(1 — €)
~1
—V/4[me + (1 —€)]c
Consider the function

e(c) :=v/[8me + 4(1 — €)]c + m2e + 5m(1 — €) — /A[me + (1 — €)]e,
Ve € [1,m],

which is the negative of a unimodal function*. Hence, the maximum value of e(c) on
[1,m] is attained at 1 or m. Let

C :=me > 18.
We calculate that
e(m) = \/Imme + (1 — €)] — /4m[me + (1 — €)]
=vmme+ (1 —¢)] < /m(C+1) <V2mC,
e(1) = /8me +4(1 — €) + m2e + 5m(1 — €) — \/4[me + (1 — €)]
<VB8C +4+mC +5m < /2(m + 8)C.

4 In this work, we say a function f : R +— R is a unimodal function if there exists a constant ¢ € R
such that f is increasing on (—oo, c] and decreasing on [¢, +00).
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Hence, we have
e(c) < v/2(m+8)C, Vce][l,m].

By combining with (3.16), it follows that

VSa>m/C+(1—e)- [\/Q(m + 8)(JT1

zm@.[ 2(m+8)0} :\/ﬁ7

which further leads to
(3.17) So > 8

Therefore, we obtain that

€ Em
s o
T2y 120

Using the first-order optimality condition, each component 2! is the solution to the
third-order polynomial equation

€
1—c¢

€

S1=0, Vie [m]

— €

(3.18) gi(z;€) = a3 + [ Sy — 1} Ti =7

Since the first-order coefficient ¢/[(1 — €)S2] — 1 is positive, the derivative of the
polynomial is positive and the equation has a unique real root zy. Hence, we know

) = =19 = .

The equation in (3.18) now becomes

T3+ [1i€-mx3—1] x0—71i6~mx0: { n —|—1] (x3 — x0) =0,

which gives 79 € {—1,0,1}.If 29 € {—1, 1}, then the point 2° is a global optimum.
Otherwise if zp = 0, it follows that z° = 0 and Sy = 0, which contradicts (3.17).
Combining the two cases, we conclude that problem (3.12) does not have SSCPs,
which implies that the instance MC(C*, u*) also has no SSCPs. O

Then, we consider the regime of € where the instance MC(C*, u*) has spurious
solutions. The following theorem studies the case when m is an even number.

Theorem 3.7 Suppose that m is an even number. If e < 1/(m+ 1), then the instance
MC(C€, u*) has at least 2™/ spurious local minima.
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Proof By Lemma 3.7, we only need to show that problem (3.12) has at least (m"/Lz)
SSCPs whose associated Hessian matrices are positive definite and whose compo-
nents are nonzero. We consider a point 0 € R™ such that

1—e¢

= ) M O:
= Ti o1 >0, Viée]m] Zie[m}xl 0.

The above equations have a solution since m is an even number. By a direct calcula-
tion, we can verify that the gradient g(z"; €) is equal to 0. We only need to show that
the Hessian matrix H (2°; €) is positive definite, namely

c"H(2%€)c >0, Vee R™\{0}.

The above condition is equivalent to

(3+(m = 3)) ()" ~ 1+ e] Zie[m]cg o (Zie[m]ci)Z
+ 2¢ (:v(l))2 (Zie[m]sign(:ﬁ?)ci>2 >0, VeceR"\{0}.

Under the normalization constraint ||c||2 = 1, the Cauchy inequality implies that the
minimum of the left-hand side is attained by

1= =cp=1/ym.
Therefore, the Hessian is positive definite if and only if

2
—1+4€> me.

(3+ (m —3)e) (?)
By substituting (29)% = (1 —¢€)/[1 + (m — 1)¢], the above condition is equivalent to
2 — (m+4)e— (m—2)(m+1)e? > 0.
Using the condition that (m + 1)e < 1, we obtain that
2—(m+4)e—(m—-2)(m+1)e? >1—-3e—(m—2)e=1—(m+1)e >0,

where the first inequality is from the fact that m > 2, which follows from the as-
sumption that m > 0 is an even number.

To estimate the number of SSCPs, we observe that m /2 components of 20 have
a positive sign and the other m/2 components have a negative sign. Hence, there are

at least
m
m/2

spurious SSCPs. The estimate on the combinatorial number is in light of the inequal-
ity (Z) > (n/k)k. O

The estimation of the odd number case is similar. We present the result in the
following theorem and provide the proof in the appendix.
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Fig. 2: The left plot shows the transitions of the success rate of the gradient descent
algorithm when n = 100, 125,150, 175. The red “Xx” sign refers to the transition
threshold, i.e., the smallest value of 7 that attains 100% success rate. In the right
plot, the transition thresholds of n are compared with the curves y = 1 and y =
1—1.7(n+1)72/3.

Theorem 3.8 Suppose that m is an odd number. If ¢ < 1/[13(m + 1)), then the
instance MC(C*,u*) has at least [2m/(m + 1)]+1/2 spurious local minima.

By combining Theorems 3.6-3.8, it follows that the threshold ¢ = O(m™!) =
O(u/n) separates the regimes where the instance possesses and does not possess
spurious local minima, where p := n/m is the incoherence of »*. In addition, in the
case when m = 2, Theorem 3.7 implies that the instance MC(C*, u*) has spurious
local minima if e < 1/3. By Lemma 3.1, the condition that e = 1/3 corresponds
to the condition that the 6-RIP3 o condition holds with § = 1/2. Therefore, the RIP
constant § < 1/2 is necessary for the instance MC(C*,u*) to have no spurious
local minima. Combined with the results in [57,7], we can see that the one-parameter
group MC(C*, u*) also contains difficult instances of the general problem (1.2).

Furthermore, we note that the constants in Theorems 3.6-3.8 are not optimal. We
conjecture that the instance MC(C*¢, u*) has spurious solutions if € < (m + 1)~ +
o(m~1) and does not have spurious solutions if € > (m+1)~*+o(m~1). We numer-
ically verify this conjecture in the special case when m = n. In numerical examples,
we consider the scaled parameter 1) := (n+ 1)e. For each instance, we implement the
randomly initialized gradient descent algorithm for 200 times and check the number
of implements for which the distance between the last iterate and £u* has Frobenius
norm at most 10~°. The results are plotted in Figure 2. In the left plot, we can see that
in most cases, the success rate grows with the parameter 7, which is proportional to e.
This indicates that the optimization landscape becomes more benign when ¢ is larger.
In addition, the transition thresholds of n are very close to 1 (to be more accurate,
the thresholds of 7 are between 0.95 and 1.05). This observation is consistent with
our conjecture. In the right plot, we compare the transition thresholds of 7 against the
constant number 1. We observe that the thresholds are approximately located between
Land 1 —1.7(n+1)~2/3, which implies that the original thresholds of ¢ are between
(n+1)"Yand (n + 1)~ — 1.7(n + 1)~°/3. Hence, the thresholds become close to
(n + 1)~! when n is large, which is also consistent with our conjecture. Moreover,
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we can see that the threshold of 7 is not monotone in n and is slightly smaller when
n is odd.

Finally, we transform the above estimates on the parameter € to the complexity
metric.

Theorem 3.9 Suppose that n > m > 36, a € [0,1] and € € [0,1]. Then, the
following statements hold true:

1 If

. 36 . m !
D, (Cu") < [nz—&—mln{72a-n2,2(1—a)}} ,

then the instance MC(C*,w*) has no spurious local minima;
2. If
18 13n? 1
]:D)a 067 * > T~ 6. Yar1 _\ )
(C%u7) 2 17max{ 20 2(1a)}
then the instance MC(C*,u*) has spurious local minima.

The proof of Theorem 3.9 relies on the following lemma, which calculates the
complexity metric of the instance MC(C*, u*).

Lemma 3.8 Suppose that n > m > 5, a € [0,1] and € € [0,1]. The complexity
metric Dy, (C€, u*) has the closed form

Do (C,u*)] ™" = min {2;: 4 2(1 - O‘T)n(m -1 ’ 4?@:_’_2(1 — O;)n(m — 2)7
da(m — 1)e

Moreover, D, (C€,u*) is strictly decreasing in € on [0,1/2].

The proof of Lemma 3.8 is similar to that of Theorem 2.4 and is provided in the
appendix. Combining Theorems 3.6-3.8 and Lemma 3.8, we are able to estimate the
range of the complexity metric.

Proof (Proof of Theorem 3.9) By defining constants § := 1/26 and A := 18, Theo-
rems 3.6-3.8 imply that

1. If € < §/m, the instance MC(C*, u*) has spurious local minima;
2. If € > A/m, the instance MC(C*, u*) has no spurious local minima.

Then, we study two different cases.

Case I. We first consider the case when me is large. Since ¢ < A/m < 1/2, the
threshold locates in the regime where D, (C*, u*) is strictly decreasing. Hence, it
suffices to show that

2aA m !
{712 + min {4aA . $’2(1 - a)}]
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is a lower bound on D, (C¢, u*) when e = A/m. By Lemma 3.8, it holds that

D, )]
:min{ZO: +W,%+ 2(1—a731(m—2)74a(mzs_ 1)6}
<min{4Za;+ 2(1—a731(m—2)’4a(mzs— 1)6}
:4Z0‘; +(m2)min{4§:’2(1m_a)} < 4a€e +mmin{4§:,2(1m_a)}'

Since the graph G does not contain any independence set with m + 1 nodes, Turdn’s
theorem [3] implies that the graph G has at least n? /(2m) edges, namely,

[E[ > n?/(2m).

We note that the above bound is asymptotically tight and is attained by the Turdn
graph. Hence, we obtain that

Z. =2E| +n+m(m — 1)e > 2|E| > n?/m.

By substituting into the estimate of D, (C*, u*), it follows that

doe - doe - 2(1 —
N e
n n m
2aA ) m
= +m1n{4aA-ﬁ,2(1—a)}.

Case II. Next, we consider the case when em is small. Similar to Case I, it suffices

to show that
18 N n? 1
P axd — =
17 400’ 2(1 — @)

is an upper bound for D, (C¢, u*) when ¢ = §/m. Since § < 1/2, we have
20/ Z > dae/ Z,.

By Lemma 3.8, it holds that

[Da (C,u™)] ™!

. [2a 2(1—a)(m—1) 4ae  2(1 —a)(m—2) 4da(m —1)e
:mln{Z€+m ,764- m , 7. }
. f4ae  2(1 —a)(m—2) da(m —1)e
—mln{ 7. + s 7. }
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where the last inequality is from m > 36. Since ¢ < 1, the definition of Z. implies
that Z. < n?. By substituting into the estimate of D, (C*, u*), it follows that

Da(cu)™ 2 4L min {05 20 )} = Tin {292 20 - ).

=i

By combining Cases I and II, we complete the proof. O

In the case when 1 — a > ©(m/n?), the upper bound on D, (C*, u*) is on the
order of O(nu/«), where p := n/m is the incoherence of «*. This result is consistent
with the upper bounds in Sections 3.1 and 3.2. On the other hand, the lower bound
in Theorem 3.9 is on the order of O(n?/a) in the case when 1 — a > O(n~2).
In Section 4, we make some conjectures based on these observations and provide a
partial theoretical explanation.

4 Theoretical results

In this section, we provide a theoretical analysis for the proposed complexity metric
(2.2) on the general problem (1.7). Intuitively, we expect the problem (1.7) to have a
benign landscape when the complexity metric is small and vice versa. Recalling the
analysis in Section 3, we have the following two conjectures:

Conjecture 1 Suppose that 1 — o > ©O(n~!) and the solution u* is p-incoherent.
Then, there exist two constants §, A > 0 such that

l. IfD,(C,u*) < dun/c, the instance MC(C, u*) has no SSCPs;
2. If D, (C,u*) > An?/a, the instance MC(C,u*) has SSCPs.

Suppose that the first conjecture holds. The results in Section 3.1 imply that the
proposed complexity metric guarantees the in-existence of SSCPs when the RIP
constant is O[(6 — 1)/(d + 1)], which is independent of x. In addition, the matrix
completion problem under the Bernoulli model does not have SSCPs when p >
O(plogn/n), which matches the lower bound in [15]. In Section 4.1, we prove
a weaker version of the first conjecture in the case when « is equal to a* or a°,
which are defined in Section 2. We note that both o* and o satisfy the condition
that ] — o = Q(n_l). On the other hand, in Section 4.2, we refute the second con-
jecture by constructing counterexamples. This observation implies that similar to the
RIP constant and the incoherence, the proposed complexity metric cannot provide
necessary conditions on the in-existence of spurious local solutions. However, if we
substitute the degenerate set D with a slightly smaller set, we prove that the complex-
ity metric is able to provide a necessary condition.

4.1 Small complexity case

We first consider instances with a small complexity metric. In the case when « is
equal to a* or a°, we prove that D, (C,u*) < dn/a serves as a sufficient condition
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for the in-existence of SSCPs, where § > 0 is an absolute constant. Since the incoher-
ence u is at least 1, the aforementioned condition is weaker than the first property in
Conjecture 1. By Theorem 2.4, the minimum possible value of the complexity metric
is on the order of O(n/c). In this subsection, we show that the constant § can be
chosen such that dn/« is strictly larger than the minimum possible complexity. The
following theorem deals with the case when a = a*.

Theorem 4.1 Suppose thatn > 5 and o = «*. Then, there exists a constant 6 > 1/4
such that for every instance MC(C,u*) satisfying

Do~ (Cyu*) < on/a”,
the instance MC(C,u*) does not have any SSCPs.

Since the minimum possible complexity metric is n/(4a*), the upper bound in
Theorem 4.1 is non-trivial in the sense that there exist instances satisfying the in-
equality. By Theorem 2.5, the minimum complexity metric n/(4a*) is only attained
by instances in M, where

l/n, Cii=0, Vie [n],

|ui

M= {(C, u*)

1

Cij = Sy — Vi, j € [n], i#j}-

In the next lemma, we prove the strict-saddle property [45] of the ¢1-norm for in-
stances in M, which can be viewed as a robust version of the in-existence of SSCPs.

Lemma 4.1 Suppose that n > 2 and (C°,u") € M. Then, there exist a positive
constant 1o and two positive-valued functions 3(n) and ~v(n) such that for all n €
(0,m0] and u € R"™, at least one of the following properties holds:

1 min{|ju — w* ||y, Ju +u*|1} < n;
2. IVg(u; C,u*)||oe > B(n);
3 Amin[V2g(u; C,u*)] < —v(n).

We then show that after a sufficiently small perturbation to any point (C°, 2°) €
M, the new instance does not have any SSCPs.

Lemma 4.2 Suppose that n > 3. There exists a small positive constant € such that
for every pair (C°,u°) € M and (C,@*) satisfying

a|C = C%h + (1= a)]a* —u’ll <«
the instance MC(C,@*) does not have SSCPs.

The proofs of the last two lemmas can be found in the appendix. Now, we prove
the existence of a non-trivial upper bound on the metric.
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Proof (Proof of Theorem 4.1) Let € be the constant in Lemma 4.2. We consider the
compact set

Com {(C, ) \ IO = s = 1,
a*||é’ — C()Hl +(1-a"|u* - u0||1 > e, V(C’O,uo) € M}

Since the minimum possible complexity metric n/(4a*) is only attained by points in
M, it holds that
Do« (C) ;= max Dg+(C,u") > n/(4a™).
(€)= max Do (") > n/(4a’)

Therefore, choosing
§:=(a*/n) Dy (C) > 1/4,

we have

Do~ (Cyu*) < dn/a* = (C,u*) ¢C
= the instance MC(C, u") has no SSCPs.

This completes the proof. d

The case when o = a° can be analyzed in a similar way. We note that the strict-
saddle property of the instances in Theorem 2.6 has been established in [33]. Hence,
we present the results in the following theorem and omit the proof.

Theorem 4.2 Suppose that n > 5 and o = o°. Then, there exists a constant § > 1/4
such that for every pair (C,u*) satisfying

Do (Cyu*) < dn(n+2)/(n+1),
the instance MC(C,u*) does not have any SSCPs.

Similar to Theorem 4.1, since the minimum possible complexity metric is attained
with § = 1/4, the upper bound in Theorem 4.2 is non-trivial.

4.2 Large complexity case

In this subsection, we first refute the second property in Conjecture 1 and then refine
its statement to make it hold true. We note that the RIP constant and the incoherence
cannot provide necessary conditions for the in-existence of SSCPs either. Namely,
there exist instances that satisty the §-RIP3 5 condition with § as high as 1 which do
not have SSCPs. Similarly, in the case when the incoherence of the global solution
is n, it is still possible to have an instance of the matrix completion problem without
any SSCPs. In other words, although small values for the RIP constant and incoher-
ence guarantee the in-existence of spurious solutions, these notions cannot capture
the complexity of the problem since there are low-complexity problems with large
values for these parameters. We first show that our new metric suffers from the same
shortcoming, but we then propose a simple refinement to address this issue.
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Example 1 Suppose that the weight matrix and the ground truth are

1 [16 1
5. .
c ._Hga[m}, u [0]

where § > 0 is a constant. One can verify that +u* are the only local minima to the
instance MC(C®, u*) for all § > 0. However, in the case when § = 0, the instance
MC(CP, u*) has the set of global solutions

:I:F}, Ve € R.
c

Moreover, we cons~ider the case when both components of u* are measured, where
the instance MC(C*, @) is defined by

Ge_ L Qo] . 1
T 14€|0€l’ T l4e e’

where € is a positive constant. One can verify that the pair (CN“7 4°) belongs to D
for all ¢ > 0. Setting § and ¢ to be small enough, the instances MC (C%, u*) and
MC(C*<, ) can be arbitrarily close to each other in the sense that

aHC5 — C~“H1 + (1 —a)|lu" —af|y = O(ad + ¢).

Therefore, the complexity metric of MC(C?, u*) can be arbitrarily large. This exam-
ple shows that instances without SSCPs can be arbitrarily close to those in D, which
have non-unique global solutions.

Nevertheless, we derive a lower bound on the complexity metric (2.2) by con-
structing a subset of D, which allows obtaining a necessary condition. Intuitively, if
an instance has multiple global minima, these global minima are still locally optimal
after a sufficiently small perturbation to the instance. To ensure the “robustness” of
the local optimality, we require the positive-definiteness of the Hessian matrix. For
each instance MC(C,u*), let G15(C, u*) for all k € [n;] be the connected compo-
nents of G (C, u*), where n; is the number of connected components. Moreover, we
use 71 (C, u*) to denote the node set of G1;(C, u*) for all k& € [n]. We define the
following subset of D:

SD := {(C,u") € D | G1x(C, u") is non-bipartite for all k € [n4],
G1(C,u") is disconnected, Zoo(C,u*) = 0}.
The following theorem provides a characterization of the Hessian matrix at global
solutions for pairs in SD.

Theorem 4.3 Suppose that (C,u*) € SD. Then, the Hessian matrix is positive defi-
nite at all global solutions of the instance MC(C,u*).

The proof of Theorem 4.3 directly follows from the next two lemmas.

Lemma 4.3 Suppose that (C,u*) € SD and that u® is a global solution to MC(C, u*).
Then, for all k € [n,], it holds that u?u? = ujuj for all i,j € Iyx. In addition,
ud =0 foralli € Io(C, u*).
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Proof Denote M* := u*(u*)T. We first consider nodes in Gy}, for some k € [n4].
Since the subgraph is non-bipartite, there exists a cycle with an odd length 2¢ + 1,
which we denote as

{il, e ,i2g+1}.
Then, we have

20+1 ye-1 20+1 et
(u?l)Q = HS:1 (u?ﬁu?‘5+1)( 1) = HS:l (Mltl:,+1)( 1)

2041

1ys—1
= Hs:l <u;:urs+l)( Y = (u;)Q’

which implies that the conclusion holds for ¢« = j = #;. Using the connectivity of
G1x(C, u*), we know

u?u? =wujuy, Vi,j€ Ii(Cu).

Then, we consider nodes in Zy(C, u*). Since Zyo(C, u*) is empty, for every node
i € Iy(C, u*), there exists another node j € Z; (C, u*) such that C;; > 0. Hence, we
have

u) = M;‘]/ug =0.
This completes the proof. O

The following lemma provides a necessary and sufficient condition for instances
with a positive definite Hessian matrix at global solutions, which is stronger than
what Theorem 4.3 requires.

Lemma 4.4 Suppose that u® € R™ is a global minimizer of the instance MC(C, u*)
such that the conditions in Lemma 4.3 hold. Then, the Hessian matrix is positive
definite at u° if and only if

1. G1;(C,u*) is non-bipartite for all i € [nq];
2. Ioo(c, u*) = @

Proof We first construct counterexamples for the necessity part and then prove the
positive definiteness of the Hessian matrix for the sufficiency part.

Necessity. We construct counterexamples by discussing two different cases.

Case I. We first consider the case when there exists k € [n;] such that G1;(C, u*)
is bipartite. Suppose that G1;(C, u*) = Gip1 U G is a partition of G1x(C, u™).
Let the sets Z1x,Z1;1 and Z; g2 be the node sets of the corresponding graphs. Define
q € R" as

g =uy, Vi€ qii=-u), Vi€Ip ¢:=0, Vig¢Iy.
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Then, the curvature of the Hessian along the direction g is

1V 0w 4,0)

= Z Cij [(u?)zq? + (u?)Qqﬂ +2 Z Cij (2u?u? — u;Uu})qiq;

1€L1k1,J€L1k2 1€T1k1,J€L1k2

_ 02 2 0\2 2 0,0

= Cij [(u))’q] + W)l +2 > Ciju; u;qiq;
1€L1k1,J€L1k2 1€L1k1,€L1k2

_ . (0,0,,02 . (s,0,0N\2 __

= E 205 (ujuz)” — 2 E Cij(ujuj)” = 0.
1€L1k1,J€L1k2 1€L1k1,J€L1k2

We note that there is no self-loop in Gy (C, u*) and, thus, the diagonal entries of the
weight matrix are equal to 0. Therefore, the Hessian matrix has a zero curvature along
q and is not positive definite.

Case Il. We consider the case when Zoo(C, u*) # ). Suppose that k € Zoo(C, u*).
Define the vector ¢ € R™ as

g :=1; q;:=0, Vi#£k.
The curvature of the Hessian along the direction g is

1 . «
1 V20’ Counl(g.q) = Co [2)° — )] gk + D Cii(u)’a
JE€Zo(Cyur),j#k

= Crr(ud)? + > Gy’ =0
JEZLo(Ciu*),j#k

Therefore, the Hessian matrix is not positive-definite at u°.

Sufficiency. Next, we consider the sufficiency part, namely, we prove that the Hessian
matrix is positive definite under the two conditions stated in the theorem. Suppose that
there exists a nonzero vector ¢ € R™ such that

[V2g(u’; C,u*)](q, q) = 0.
Then, after straightforward calculations, we arrive at

w)q; +ulq =0, Vi,j s.t. Ciy >0, i#j;
[2(u?)2 - (u’:)2]q12 = (u?qi)2 =0, Vi s.t. Cj>0.

The two conditions can be written compactly as
4.1) wlqj +udq; =0, Vi,j st. Cj; > 0.
Consider the index set Z(C, u*) for some k € [n1]. The equality (4.1) implies that

4.2) @i/ug + qj/uy =0, Vi, j € Iy(Cou®).
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Since the graph G4 (C, u*) is non-bipartite, there exists a cycle with an odd length
2¢ + 1, which we denote as
{il, ig, e ,i22+1}.

Denoting is¢42 := 11, we can calculate that

g 20+1 g Gi
T e ( + ) 0

i1 s=1

which leads to ¢;, = 0. Using the connectivity of G, and the relation (4.2), it follows
that
q =0, Vie Ilk(C, u*)

Moreover, the same conclusion holds for all & € [n4] and, thus, we conclude that
g =0, YieTI(C,u").
Since Zoo(C, u*) = (), for every node i € Zo(C, u*), there exists another node j €
Z,(C,u*) such that C;; > 0. Considering the relation (4.2), we obtain that
4 = *Ug%/ug =0.

In summary, we have proved that ¢; = 0 for all ¢ € [n], which contradicts the as-
sumption that ¢ # 0. Hence, the Hessian matrix at u" is positive definite. O

Using the positive-definiteness of the Hessian matrix, we are able to apply the
implicit function theorem to certify the existence of spurious local minima.

Lemma 4.5 Suppose that o € [0, 1] and consider a pair (C,u*) € SD. Then, there
exists a small constant §(C, x*) > 0 such that for every instance MC(C,u*) satis-

fying ~
ofC=Clli+ (A —a)fla” —u™x <6(C,u’),

the instance MC(C,@*) has spurious local minima.

Proof By Theorem 4.3, there exists a global solution u" to the instance MC(C, u*)
such that
u(u®)” £ (W), Vg’ C,u*) = 0.

Consider the system of equations:
Vg(u; C,u*) = 0.

Since the Jacobi matrix of Vg(u;C,u*) with respect to u is the Hessian matrix
V2g(u; C,u*) and (u’, C,u*) is a solution, the implicit function theorem guaran-
tees that there exists a small constant §(C, u*) > 0 such that in the neighborhood

N = {(C,@) | allC = Clly + (1 = a)lla* = w1 < 6(C,u")

there exists a function u(C, @*) : N+ R™ such that

1. u(C,u*) = u’
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2. uf(-,-) is a continuous function in \V;
3. Vglu(C,u*);C,a*] = 0.

Using the continuity of the Hessian matrix and u(-, -), we can choose §(C, u*) to be
small enough such that

u(C,a")[u(C,a)]T £ a*(@)’, V3¢ [u(é’,ﬁ*);é’,ﬂ* =0, Y(C,u*)eN.

Therefore, the point u(C, @*) is a spurious local minimum of the instance MC(C, @*).
O

Lemma 4.5 guarantees the existence of spurious local minima in a neighbour-
hood of each instance in SD. The global guarantee can be established by considering
closed subsets of SD. For every constant € > 0, we consider the closed subset SD.,
which is defined as

8D := {(C,u*) € SD| Cj; € {0} U e, 1], Vi, j € [n],
luf] € {0} U[e, 1], Vie [n]}

Basically, the extra condition in the definition of SD. requires that the nonzero com-
ponents of C' and u™* be at least e. We can verify that the set SD. is a compact set and
for every €, — 0, it holds that

lim,, oo Uy SD,, = SDy = SD.
Now, we define the alternative complexity metric

-1

4.3) Dy, (C,u"):=| _ min a\|C—C~'|\1+(1—a)||u* — "
(C,a*)eSD.

Since SD. is a subset of D, it holds that
Dy (C,u*) <D (C,u*).
Similar to Theorem 2.3, we can prove the following relation:
SD={(C,u*)|Ce Sfil_l, u* € ST G (C,u*) is disconnected}
* n?—1 * n—1 *\ 2
U{(C,u") [C €S} " u" €S, Zoo(C,u") is not empty }.

Hence, the closure of SD is a proper subset of D. Combining with the fact that SD,
is a subset of SD, the metric D, (C, u*) is not equivalent to D, (C, u*). Using the
compactness of SD., the following theorem provides a necessary condition for the
existence of spurious local minima.

Theorem 4.4 Suppose that € > 0 is a constant. Then, there exists a large constant
A(€) > 0 such that for every instance MC(C, u*) satisfying

Dy (C,u*) > Ale),

the instance MC(C,u*) has spurious local minima.
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Proof For every pair (C,u*) € SD,, Lemma 4.5 implies that there exists an open
neighborhood of (C, u*) such that the desired properties hold. Now, we consider the
union of such open neighborhoods over all points (C, u*) € SD,, which is an open
cover of SD.. Using the Heine-Borel covering theorem, there exists an open sub-
cover of SD.. Therefore, we obtain the existence of A(e). O

We note that the maximum possible value of Dy, (C, u*) is +o0, which is at-
tained by instances in SD.. Therefore, there exist instances satisfying the condition of
Theorem 4.4 and the lower bound is non-trivial. Using Theorem 4.4, the slightly mod-
ified complexity metric is able to provide a necessary condition on the in-existence
of SSCPs. This result implies that our complexity metric is much better than the RIP
constant and the incoherence that fail to provide necessary conditions.

Finally, we conjecture that the second property in Conjecture 1 holds for any fixed
weight matrix. More specifically, we define

-1
4.4) De(u*) = <( min _|lu* — ﬂ*||1> .

We have the following conjecture:

Conjecture 2 Suppose that € € [0, 1]. Then, there exists a large constant I'(¢) > 0
such that for every instance MC(C, u™*) satisfying

Cij € {0} U [ 1], De(u®) = I'(e),
the instance MC(C, u*) has spurious local minima.

We note that the metric De(u*) is equal to 0 if MC(C, u*) satisfies the §-RIP; o
condition with 6 € [0, 1).

5 Conclusions

In this work, we propose a new complexity metric for an important class of the low-
rank matrix optimization problems, which has the potential to unify two existing com-
plexity metrics and is applicable to a much broader set of problems. The proposed
complexity metric aims to measure the complexity of the non-convex optimization
landscape of each problem and quantifies the likelihood of local search methods in
successfully solving each instance of the problem under a random initialization. We
focus on the rank-1 generalized matrix completion problem (1.7) to mathematically
prove the usefulness of the new metric from three aspects. Namely, we show that the
complexity metric has a small value if the instance satisfies the RIP condition or obeys
the Bernoulli model. The results in these two scenarios are consistent with the exist-
ing results on RIP and incoherence. In addition, we analyze a one-parameter class of
instances of the matrix sensing problem to illustrate that the proposed metric captures
the true complexity of this class as the parameter varies and has consistent behavior
with the aforementioned two scenarios. Finally, we provide strong theoretical results
on the proposed complexity metric by showing that a small value for the proposed
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complexity metric guarantees the in-existence of spurious solutions, whereas a large
value for a slightly modified complexity metric guarantees the existence of spuri-
ous solutions. This shows the superiority of this metric over the RIP constant and
the incoherence since those notions cannot offer any necessary conditions on having
spurious solutions.
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A Analysis of the degenerate case

In this section, we provide a detailed analysis on instances with ©* = 0. The optimization problem of the
instance MC(C, 0) can be written as

Al min C;iulul.
( ) WERT i,5€[n] 13 % %y

We prove that problem (A.1) either has multiple global solutions or has no SSCPs.

Theorem A.1 If C;; > 0 forall i € [n)], the instance MC(C,0) has no SSCPs. Otherwise if C;; = 0
for some i € [n], the instance MC(C,0) has nonzero global solutions.

Proof We first consider the case when C;; > 0 for all i € [n]. Let u® € R™ be a second-order critical
point. By the first-order optimality conditions, it holds that

1 -
TV C0) = Cu()’ + 3 Ciyd(uf)® =0, Vi€ ).
J€ln],j#i

Multiplying u? on both sides, we have

0=Cuu))*+ > Ciyud)?wd)? > Ciu(u)* >0,
JE€[n],g#i

which implies that Cii(u?)“ = 0. Since C;; > 0, it follows that
0 _ .
u; =0, Vié€][n].

Hence, u® = 0 is the unique second-order critical point.
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Next, we consider the case when there exists an index ig such that C;
u% € R™ by

oip = 0. In this case, define

wd =1, W) =0, Vien\{io}
Then, we have
[uO(UO)T]

Since the (20, 70) entry is not observed, the point 10 leads to the same measurements as u* = 0. Therefore,

uY is a nonzero global solution to the instance MC(C, 0).

=1, [uo(uO)T] =0, otherwise.

i0%0 ij

O

B Proofs in Section 2

B.1 Proof of Lemma 2.1

Proof Denote the distance between (C, u*) and D as

To(C,u*):= _min «afC— C~'H1 +(1—a)|u* —a"|1.
(G,a*)eD

We fix the pair (C, u*) and let
1 1
v, 2, O )
i,j€[n],i#j

Using the condition ||C||1 = 1, it follows that

1 1 1

0:=— Cii=—|1- E i | = = -1 ’_1‘

nz n . ) .CJ n (n n &0
i€[n] i,j€[n],i#£]

Our goal is to prove that
Ta(C,u”) < g(a,n).

In the remainder of the proof, we upper-bound the distance T« (C, u*) by constructing some instances in
D.

We first consider those instances in D with a disconnected subgraph G1. For every k € {2,...,n},
let Z; be a subset of [n] satisfying |Z1| = k and Zo := [n]\Z1. Suppose that € > 0 is a sufficiently small
constant. For every g € Z;, we consider the pair (C, @*), where

*

. )uIl 1 )
|Z4 | |Z4|

*
Zo

(B.1) u; =0, Vi€ZIp;, a;j=(l—e€u;+e

K3

L VieT

and

Cigj = Ciig =0, Vj € T1\{io};
~ 2 .
Cij =Cij + mzjell\{io}cm’ otherwise.

By choosing a sufficiently small €, it can be shown that
T (C,a*) =T1; To(C,a*) = To.

The node 4o is disconnected from other nodes in G1 (C, @*) and, therefore, (C, @*) € D. The distance
between u* and @* is

®2) o — @y =2 s,

*
L + 2e Huz1

*
1 <2 HUIU

+ 2e.
1
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In addition, the distance between C and C' can be calculated as
® 16—l =43z, iy G
Combining inequalities (B.2) and (B.3), we have

(B.4) Ta(C,u*) < 2(1 - a) |

T 4O‘Zje11\{io}ci°j +2e

Taking the average of inequality (B.4) over i¢ for Z1, we have

‘1 —+ 4a(k — 1)21',]'611,2'#]'0” + 2e.

Then, we take the average of (B.5) over Z; for all k-element subsets of [n], which leads to

*
UID

*

(B.5) To(C,u*) < 2(1 — @) ‘ ug,

—k
To(C,u*) < 2(1 — @) - —— + da(k — 1)n + 2e.
n

By setting ¢ — 0, we obtain that

—k
(B.6) To(C,u*) < 2(1 — @) - ~—= + da(k — 1)n.
Since inequality (B.6) is linear in k, the minimum of the right-hand side over k € {2, ..., n} is attained
by either 2 or n. Hence, it holds that
* . n—2
(B.7) To(C,u*) <minq2(1 —a) —— +4an,da(n—1)np.
n

Using a similar analysis, we can obtain inequality (B.6) by considering instances in D whose Zgg is non-
empty.

Finally, we check those instances in D whose G is bipartite. Let Z; be a subset of [n] satisfying
|Z1| = 4, and let Zp = [n]\Z1. We define @* in the same way as (B.1). For every subset Z11 C Z; such
that |Z11| = 2, the new weight matrix is defined as

Ci; =0, Vi€l Oij =0, Vi,j €1, C—L'j =0, Vi,j€I1\Iu;
~ 2
1€, 4,5 €L11,i#] 4,5€Z1\T11,i#])
The distance between C and C is
[C=Clh=2|> Cu+ > Cy+ >, Cy
€Ty 4, €ZL11,i#] 4,5€L1\L11,i#]

Therefore, the maximum distance is bounded by

B8)  To(C,u*) <2(1—a) ) uh, |,
+ 2« Z Cii + Z Cii + Z Cii | + 2e.
i€Ty 4,5 €L11,1#] 1,5 €L1\T11,i#]

By taking the average of (B.8) over Z11 for all 2-element subsets of Z1, it follows that

BY9)  To(C,u*) <2(1—a) Hu;o

1
1+201 ZC”J'_gZ .Cij + 2e.
i€y 1,jE€L1,1#]
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Furthermore, we take the average of (B.9) over Z; for all 4-element subsets of [n], which gives
To(Cu*) <2(1—a)- S + 20 (46 + 4n) + 2e.
By letting ¢ — 0, we conclude that
(B.10) To(C,u™) <2(1—a)- % + 20 (40 4 4n) .
By applying a similar technique to subsets of [n] with 1, 2, 3 elements, the distance can be bounded as
(B.11) 11'Q(C’71ﬁ)§2(1—0¢)~%—&-2@(36—&-277)7
To(Cou*) <2(1 —a)- % + 2a - 26,
To(Cou™) <2(1 —a)- % +2a- 6.

By combining inequalities (B.6), (B.10) and (B.11) and recalling the relation that @ = 1/n — (n — 1),
it follows that

Ta(C,u) < g(a,n).

2
Now, we take the maximum over C' € S’} fl andu* € SIL*l , which is equivalent to taking the maximum
overn € [O, m] in the right-hand side. This yields that

Ta(Cu*) < max _g(a,0).
1

max
Clli=|lu*||]1=1
el =lu” | e

This completes the proof. [}

B.2 Proof of Lemma 2.2

Proof Letn € [O ] and define the pair (C, u*) according to

1

’n(n—1)

1 1 . . L,
uji=—,Cy:=——(n—1)n, Vien]; Ciy:=mn Vije€n] st. i#j

n n
Our goal is to prove that

To(C,u”) = g(a,n).

Suppose that (C, @*) € D attains the distance T (C, u* ), namely,
Ta(C,u*) = al|C = Clli + (1 - a)|Ju* — @ 1.

We analyze three different cases.

Case 1. We first consider the case when G1(C,@*) is disconnected. Denote k := |Z1(C, @*)|. The
distance between v* and @* is lower-bounded by

(B.12) lu* —a*||1 > 2||lul

~ % _ *
TIo(Ca*) ul’o(éqﬂ*)Hl = 2|ju

(G I =

Since there are k nodes in G1(C, @*), we need to eliminate at least k — 1 edges that are not self-loops
to make the graph disconnected. Therefore, at least 2(k — 1) non-diagonal weights of C' are 0 and the
distance between C' and C' is at least

(B.13) IC = Cllr >2-2(k— 1)y =4(k — 1)n.

Combining inequalities (B.12) and (B.13), we obtain that

(B.14) To(C,u*) > 2(1 —a) - =

+da(k —1)n.
n
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Case II. For the case when Ioo(é ,4*) is not empty, similar estimations as Case I can be derived and
inequality (B.14) also holds true.

Case III. Finally, we consider the case when G1(C,@*) is bipartite. Denote k := |Z1(C, @*)|. If
k > 5, we need to eliminate at least £ — 1 edges that are not self-loops to make the graph bipartite. Thus,
we can follow the same proof as Case I to arrive at inequality (B.14). If k = 4, we need to eliminate
at least 2 edges that are not self-loops and 4 self-loops to make the graph bipartite. Therefore, at least 4
non-diagonal weights and 4 diagonal weights of C are 0, and the distance between C' and C is at least

~ 1 4
(B.15) IC—=Clh1>2 [477 +4 (7 —(n— 1)77)} =2 [7 — (4n — 8)77] .
n n
Combining inequalities (B.12) and (B.15) yields that

(B.16) To(Cyu*) > 201 —a) - "2 420 |2 = (4n —8)n] .
n LN ]

The cases when k& = 1, 2, 3 can be analyzed similarly, leading to

(B.17) Ta(Cyu*) > 201 —a) - "2 420 | 2~ (30— 5)n
n n

2
+20|——(2n—2)n
n

n—2

To(Cou*) >2(1 —a)-

n—1

Ta(C,u*)>2(1 — ) -

1
+2a|——(n—1)n|.
n

By combining Cases I-111, it follows that
Ta(C,u”) = g(a,n).

Choosing 7 to be the maximizer

n*:= argmax g(a,c),

ce[0, 7]

we have
To(Cyu*) > max g(a,c).
ce[o.mms
2
Taking the maximum over C' € Si 1 Land u* € S?_l gives rise to the desired conclusion. O

C Proofs in Section 3

C.1 Proof of Lemma 3.1

Proof We first prove the necessity part. Suppose that the instance MC(C,u*) satisfies the 6-RIP2 2
condition with the constants ¢ and cz. For every 4, j € [n], we define the matrix E*J € R™*" of rank at
most 2 as

(C.1) E’j = E;] =1, EJ =0, otherwise.

Using the facts that V2 f(M; M*) = C and C is symmetric, it holds that

[V2f(M; M*)] (B, EY) = Cyj + Cj; = 2Cy5, ||EY|F = 2.
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By the RIP2 > condition (3.1), we have
2c1 < QCij < 2c2, Vi,je€e [n]

which leads to .
min; jepn) Cij N 1-9

max; jein] Cij ~ c2 1+96

Now, we consider the sufficiency part. We aim to prove that

(€2) Jmin, Cig - [|K[G < [V2F(M; M7)] (K, K) < maxi e s - | K-

Recalling that V2 f(M; M*) = C, we can calculate that

[V2f(M; M*)] (K, K) = Zi,je[n]cinin'

The inequality (C.2) directly follows from the above inequality and the condition that C;; > 0 for all

1,7 € [n]. Therefore, we can choose

Ccl = mm CZ']', co = maxiyje[n]Cij.
i,j€[n]

Then, the 6-RIP2 2 condition holds under the assumption of the theorem.

C.2 Proof of Lemma 3.2

Proof Assume without loss of generality that

luf| >0, Vie[l]; u; =0, Vie{l+1,...,n}.

By the definition (1.6), we have
*\2 E *12 __ ﬁ * 2 -
@)? < i = 30, @) vie.
Summing over ¢ € [£], we obtain that
Lp
)2 < 22 *)2
POIRTICEE SR

which implies that £ > n/u. Let
ci:= [ul/|[u*]l2, Vi€ .

The p-incoherence condition implies that

(C3) ci € (0,+/p/n), Viell.

In addition, it holds that

18 = 3, 1) = 3,
=l = 30 e = 3 el e

2 _ L =1
D =l g = Il

Combined with (C.3), it follows that

x| = AL 2 _ |
™l Ziemc’ - \/; Zie[élcz I

lui | = cillu™|l2 < Vp/n -V p/n=p/n.

which implies that

Therefore,
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C.3 Proof of Theorem 3.8

Proof We pursue a similar way as in Theorem 3.7 to construct spurious solutions. By Lemma 3.7, we

only need to show that problem (3.12) has at least ((ml”l) /2) SSCPs whose Hessian matrices are positive

definite and whose components are nonzero. Let k := (m — 1)/2 € Z. We first choose a subset
IZC[m], |Z|=k.

Then, we consider the point x € R™, where

ui=vy1, Vi€ZIL, wu;=y2, VigZ,
where y1 and y2 are real numbers such that
(C4) (1+ ke)(1 + 2ke)[(1 — €)y3]° — 2(1 + ke)(1 + (k — De)[(1 — €)y3]?

+ (14 ke)(1 + (k—1)e)(2k%€% + 2ke? — ke — e + 1)[(1 — €)y3]
— K221+ (k—1)e)(1 —e)? =0,

_y2 (LRI —9u3] — (ke + (k — De + 1)
ke [(1 =93]+ (1 + (k= 1)) '

‘We first assume the existence of the constants y; and y2. After some direct calculations, one can show that
the conditions in (C.4) imply the first-order optimality condition of the instance MC(C¢, u*), i.e.,

y3 — 1 +el(k— Dyf + (k+ Dy3lyr — el(k — Dyr + (k+ 1)y2] =0,
y3 — y2 + elkyf + ky3lya — elkyr + ky2] = 0.

Therefore, the point z is a first-order critical point of the instance MC(C*¢, u*). In addition, the following
relations result from the condition (C.4):

(C.5) (1 = y1y2(y1 +y2) = —elky1 + (k + 1)y2],
(1= Wi +yiy2 +v3 — 1) = —elkyi + (k + 1)y3].

Now, we prove the existence of y1,y2 and estimate their values. We note that the first equation in
(C.4) is a third-order polynomial equation for (1 — e)y%, which has at least one real root. To show that the
equation has a positive root, we observe that the coefficient of the third-order termis (1+ke)(1+2ke) > 0
and the value at zero is —k2e?(1+(k—1)e)(1—€)? < 0. Therefore, the polynomial equation for (1—e€)y3
has at least one positive root and y2 is well defined. We provide a more accurate estimate to y1 and y2,
namely, we show that there exists a solution (y1, y2) to equations (C.4) such that

y1 € [-2,-3/5], w2 €[1/2,1].
Define the polynomial function
g(2) :==(1 + ke)(1 + 2ke)2® — 2(1 + ke)(1 + (k — 1)e)22
+ (14 ke)(1+ (k — 1)e)(2k%e® 4 2ke® — ke — e+ 1)z — k2e2(1 4 (k — 1)e)(1 — €)2.
We first estimate g(1 — (2k + 1)€) as follows:
g(1 — (2k +1)¢)
=(1+ ke)[1 — (2k + 1)¢] [(1 +2ke)[1 — (2k 4+ 1)e]? — 2[1 4 (k — 1)e][1 — (2k + 1)¢]
P[4 (k= DL — (k+ 1)e + 2k(k + 1)62]] — K221+ (k — 1)e)(1 — €)?
=(1+ ke)[1 = (2 + 1)e] [K2e2 + 2K (5k + )| = K221+ (k= 1)) (1 - ¢)?
>k2e2(1 4 ke)[1 — (2k + 1)e][1 + 2(5k + 4)e] — k2e2(1 + ke)(1 — ¢€)?
=k2e2(1 + ke)[(8k + 9)e — [2(2k 4 1)(5k + 4) 4 1]€?]
>k2e2(1 + ke)[(8k 4 8)e — 20(k + 1)%€?] > 0,
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where the last inequality is due to (k + 1)e = (n+1)e/2 < 2/5. Next, we estimate g(1 — (3k/2 + 1)e)
as follows:

g(1 = (3k/2 4 1)e)
=(1+ke)[1 — (k+1)¢ [(1 +2ke)[1 — (3k/2 + 1)€% — 2[1 + (k — 1)][1 — (3k/2 + 1)¢]
1+ (k= D[l — (k + 1)e + 2k(k + 1)62]] — K221+ (k- 1)e)(1 — €)?
—(1+ ko[l — (3k/2 + 1)¢] [k262/4 T k2(13k/2 + 6)63] C K21+ (k- 1)e)(1 — )2
=k%e2(1 + ke)[1 — (3k/2 + 1)€][1/4 + (13k/2 + 6)e] — k22 (1 4 (k — 1)e)(1 — €)?
<k2e2(1 + ke)[1 — (3k/2 + 1)€][1/4 + (13K/2 + 6)¢] — ke - [(1 + ke) /2] - (1 — €)?
<k2e2(1 + ke) [[1 — (3k/2 + 1)e][1/4 + (13k/2 + 6)e] — (1 — 5)2/2]
=k2e2(1 + ke) [ —1/4 + (49k/8 + 27/4)e — (39k%/4 + 31k/2 + 13/2)62]

<k?e2(1 + ke) [ —1/4+27(k + 1) /4e — 39(k + 1)262/4] <0,

where the last inequality is in light of (k+1)e = (n+1)e/2 < 1/26. Combining the above two estimates,
we conclude that there exists a solution y2 to the first equation in (C.4) such that

(C.6) (1-ey3 €[l - (2k+1)e,1— (3k/2+ 1)e].
Hence,
(C.7) Yo < M <1
1—e€

and

1—(2 1 1
(C.8) Y2 > WZ L= @k+1e> 5.

— €

Now, we use the second equation in (C.4) to estimate y1, which leads to

(1+ke)[(1 — e)y3] — (K*€® + (k — 1)e + 1)
ke
(14 ke)[1 — 2k +1)e] — (k22 + (K —1)e+ 1)
ke

>
=—2—(3k+1)e
and

(1 +ke)[(1 — €)yd] — (k2% + (k — 1)e+ 1)
ke
kel — (3k/2+ 1)e] — (k22 + (k- 1e+1)
- ke

3 5k:+1
=——-—| = €.
2 2

On the other hand, we have

Y2 1 1

(I—u3l+ 1+ (k-1 (1—e)(y2+y5 ")+ ke = 2(1—€) + ke’




60 Haixiang Zhang et al.

Using the bound in (C.6), it holds that

oo [k De 1= @kt e 1 1-(ktDe 1
1—e¢ 1—e¢ 2 2(1—¢€) 2

Y2 1 1
= > .
[(T=au3]+ (1 +(k=1)e) (1—e)(y2+yy ') +ke  25(1 =€)+ ke
Combining the above inequalities and the second equation in (C.4) yields that

—2—(3k+ 1)e 5e
C.9 >——>— (14— ) > =2
€9 v = 2(1—¢€)+ ke — (+1—5>7

Therefore,

and
—3/2— (5k/2+1)e _ 15 _ 3
25(1—€) +ke — 25 5
where the last inequality in (C.9) results from e < 1/(3(k 4+ 1)) < 1/6. In summary, inequalities (C.7)-
(C.10) lead to

(C.10) y1 <

y1 € [-2,-3/5], w2 €[1/2,1].
We then prove that y1 + 2y2 > y2 > 0.5, which is equivalent to
y2 (L4 ke)[(1 - )y3] — (K2 + (k= 1)e +1)
ke (1= €)y3] + (1 + (k — 1)e)

Since y2 > 0, we only need to prove that

+y2 > 0.

0.< (14 ke)[(1 = e)yd] — (K2e2 + (k= Ve + 1) + ke[[(1 = y3] + (1 + (k — 1)e)]
= (1+2ke)[(1 — €)y3] — (k%% + (k — 1)e + 1) + ke(1 + (k — 1)e).
Using inequality (C.6), it suffices to show that
(14 2ke)[1 — (3k/2 4+ 1)e)] 4+ ke(1 4 (k — 1)e) > 1+ (k — 1)e + k22

1 3
<:>§ke>3k <k+ 5) 2 = 32k+3)e<1<=6kk+1e<,

where the last inequality holds since (k + 1)e = (n + 1)e/2 < 1/6.
Now, we verify the second-order sufficient optimality condition. For every ¢ € R\ {0}, we calculate
that

cTH(x; €)c= Z [By% —1+e€((k— 1)y% + (k+ 1)y§)] cz2

€T

+> By —1+elhyi +kyd)] i+ D e(2uf — 1) cicy
i¢T i,JET,i#]

—+ Z € (2y§ —1) cicj +2 Z €(2y1y2 — 1) cicy
i,5¢T,i#5 i€T,j¢T

=[Byf —1+e((k—Dyf + (k+1)y3) —e (27 —1)] > ¢}
i€eT

+ [8y3 — 1+ e(ky? + ky3) — (203 — 1)] >}

i¢T
2 2
+e€ 2y1—1 ch +e(2y§—1) Zci
i€T igT

+ 2e (2y1y2 — 1) ZCZ ZC«L

i€L i¢T
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Using the Cauchy inequality, the above expression is positive if and only if

[Byf — 1+ e((k— 1)o7 + (k+ L)y3) —e (2] —1)] -

e

i€l

N

+ [3y3 — 1+ e(kyf + ky3) — (2y3 — 1)] k+1 Zcz

2 2
+e 2y171 ch +e(2y%71) Zci
i€l i¢T
—‘,—26 2y1y2 — 1 z ci Z ci | >0.
i€L i¢T

‘We denote

A= Zz‘elci’ B := Zigzci'

Then, the second-order sufficient condition is equivalent to

[Byf —1+e((k— 1)y + (k+1)y3) —e (297 —1)] - %AQ

+ [3y3 — 1+ e(ky? + ky3) — (295 — 1)]
1
B2 421 A B2 —¢(A+B)?>0.
Y +2¢(y1A +y2B)® —e(A+ B)® >

The above inequality is a quadratic inequality in A and B, which can be rewritten as

[% [8y7 — L+ e((k — 1)y? + (k+ 1)y3) — e (2 —1)] +e(2y? — 1)] A2

+2e(2y1y2 — 1)AB

1
+ [le [3y3 — 1+ e(ky? + ky3) — e (243 — 1)] + (243 — 1)} B2 >0.

Therefore, the positivity condition can be verified through the discriminant, namely,

E2y1y2 — 1)2 < E [By2 —1+e((k— Dy + (k+1)y3) —e 2y — 1)] +e(2yf - 1)}

1
k+1
Using the second property in (C.5), the above condition can be simplified into

— (1= 6)?(y2 — y1)*(2y1 + y2)(y1 + 2y2) + (k+ De(1 — ) (2y5 — 1)(y1 — y2)(2y1 + y2)

+ke(l— €)(2y7 — D) (y2 — y1) (y1 + 2y2) > k(k + 1)€% (y1 — y2)*.

Since y2 > y1, it suffices to have

— (L= e)%(y2 —y1)(2y1 + y2) (Y1 + 2y2) — (k+ D)e(1 — €) (253 — 1) (251 + y2)

+ ke(1 — €)(2yF — 1)(y1 + 2y2) > k(k + 1)e?(y2 — m1).

‘We can estimate that

— (1 =922 —y1) 2y +y2) (1 + 2y2) — (k+ 1)e(1 — €)(2y5 — 1)(2y1 + y2)
+ ke(1 — €)(2yF — 1)(y1 + 2y2) — k(k + 1)e*(y2 — 1)

[Bys — 1+ e(kyf + ky3) — € (25 — 1)] + €(2y3 — 1)} :

>[1—(k4+1)? 11-02-05—(k4+1)e-1-05-2— (k+1)e-1-0.64-1.4 — (k4 1)%¢2-3
= 0.11[1 — (k4 1)€]? — 1.896(k 4+ 1)e — 3(k + 1)%e2 = 0.11 — 2.116(k + 1)e — 2.89(k + 1)2¢2

> 0.11 — 2.116(k + 1)e — 2.89(k + 1)%€% > 0,
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where the last inequality is due to (k 4+ 1)e = (n+ 1)e/2 < 1/26. Thus, we have shown that the Hessian
matrix is positive definite and the point x is a SSCP.

To count the number of spurious solutions, we notice that the subset Z has (( different

m
m+1)/2)
choices. Hence, the total number of SSCPs is at least ( (m:’l) /2). The estimate on the combinatorial

number follows from () > (n/k)*k. a

C.4 Proof of Lemma 3.8

Proof We fix €, o and m in the proof. Let MC(C’, 4*) be an instance that attains the minimum in (2.2)
and ¢ := |Z; (C, a*)|. Denote

do == a||C — C’||1 + (1 - a)|u" —a"|1.
Then, we investigate three different cases.

Case I. Suppose that G1 (C,@*) is disconnected. In this case, at least 2(¢ — 1) non-diagonal entries of
C are equal to 0. This implies that

(C.11) lce=Clly > 40 —1) - (e/Z).

Case Il. The case when Zgo (C’, 4*) is non-empty can be analyzed similarly as Case I and the inequality
(C.11) holds. We omit the proof for brevity.

Case III. Finally, we consider the case when G1(C', @*) is bipartite. If £ > 5, at least 2(¢ — 1) non-
diagonal entries of C are equal to 0 and inequality (C.11) holds. If £ = 4, at least 4 non-diagonal entries
and 4 diagonal entries of C' are equal to 0. Hence, we have

1 _8c+8 12
Ze  Ze T Zo

(C.12) ||CEfC~’H128-Zi+8-

Similarly, it follows from analyzing the cases with £ = 1, 2, 3 that
(C.13) C€ —Cll1 > (4e +6)/(Ze) > 8¢/ Ze,
ICC = Cllh > 4/Ze > 4e/Ze,
|ce —Clli > 2/Z..
Combining inequalities (C.11), (C.12) and (C.13), we know that
(C.14) lce = Cll > N(t)/ Ze,
where N (¢) := 4(¢ — 1)eif £ > 2 and N(1) := 2.
Now, we consider the optimal choice of @*. Since the distance in (C.14) is increasing in /, it is not

optimal to choose £ > m. For every £ € [m], at least m — £ of the first m entries of @* are 0. Hence, we
have the lower bound

(C.15) lu* —@* ||y > 2(m —£) -m™L.

Combining inequalities (C.14) and (C.15), we have

N(€)~a+2(1—o¢)(m—€)v

doa >
@ = Ze m
Taking the minimum over £ € [m] leads to

do > min N -« " 2(1 —a)(m —¥) .
Le[m] Ze m
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‘We note that the above inequality indeed attains equality with a suitable choice of C and @*. Forall £ > 2,
we canset 4y = Oforalli € {£4 1, m} and make node 1 disconnected from nodes {2, ...,£}.If£ =1,
we can remove the self-loop at node 1. Therefore, it holds that

aN(€) n 2(1 —a)(m—12)

do, = min .
Le[m] Ze m

The minimum in the above equality is attained at one of the points 1, 2, m, which gives

do :min{2—a 2(1—a)(m—1)7%+ 2(1—@)(m—2)74a(m—1)e}_

5 + m Ze m Ze

Since each component in the minimization is an increasing function in e, the distance d, is also increasing
in €. Results for Dq, (C€, u*) follow accordingly by taking the inverse of d.

Since the closed form expression of D (C€, u™*) is the minimum of three monotone functions in e,
the complexity metric is the negative of a unimodal function. For every ¢ < 1/(2m), we can prove that

)

20 2(1—a)(m—1) . [4ae  2(1—a)(m—2) 4a(m —1)e
7 e s i {20 2 it

> min
Ze

Therefore, in the regime [0, 1/2], the complexity metric Do (C€, u*) is the minimum of two strictly
decreasing functions and, thus, is also strictly decreasing in e. O

D Proofs in Section 4

D.1 Proof of Lemma 4.1

Proof Without loss of generality, we assume that
uwd =1/n, Vi€ n].
We first consider the scaled problem instance

D.1 i iz — 1)2.
®.D ceRn i,je[n],i;éj(xlxj )

We denote the gradient and the Hessian matrix of problem (D.1) as g(z) € R™ and H(z) € R™"*",
respectively. Then, we can calculate that

1 .
t0i@) = a2 + (I3 4 Do~ Y0, e, Vi€ o)
1 , 1 o
ZHi (z) = Zke[n],k;ﬁz’xk’ ZH” (z) = 2msx; — 1, Vi,j € [n].

Let ¢ be a small positive constant and define € := ¢/n. Suppose that z € R" satisfies
(D.2) lg(z)llc < 4e.

Then, we study three different cases.

Case I. We first consider the case when >
that

1 _ 2 ) ;
(D.3) Jloi@) = ‘(Zie[n],#ﬁj + 1) T Zje[nlm]

If x; < e, it holds that

2
(Zje[nJ,j#mf + 1) T D™ ST T D™ <

icn] Ti > 2¢. Foralli € [n], the condition (D.2) implies

< €.
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which contradicts (D.3). Hence,
z; >€ Vi€ [n].

Define three index sets

7, = {’L c [TL} ‘ T, > 1 +€}, Io = {Z (S ['VZ] |z, <1— E}, I3 := [n]\(L UIQ).
Choosing the perturbation direction ¢ € R™ to be
q =—x;, Vieli;, q, =z, Vi€Is; q; =0, Viels,

we can calculate that

1
(D.4) —qTg(z) = Z —xiri(xiey — 1) + Z zixj(xry — 1)
4,J€L1,i#] 1, €L2,1#]
+ Z —xixj(xixj — 1) + Z TiTj (acz-:cj — 1).
1€11,j€13 1€1y,j€13

We then consider four sub-cases.

Case I-1. We first assume that |Z1| > 2. In this case, we have

(D.5) Z —xiz(Twy — 1) < Z —ziz[(1+ 5)2 —1] < —2¢ Z TiT

4,J€T1,i#] 4,J€T1,i#] i,J€L1,i#]

< =2¢(|T| = Dllez, 1 < =22z, |1 -
Z xixj(ziwy — 1) = Z —x; - (x5 — xzx?]
1,j€L2,i7#] 4,J€L2,i#]
< Sl (1- 02
4,J€T2,i#]
< Z z; max(|Zz| — 1,0) - €[1 — (1 — €)€]
i€Ts
= —max(|Zz| — 1,0)||zz, |1 - € + O(ne?),
1 1
—xixj(a:iacj -1)= Z —Z(inocj — 1)2 + 1
i€Zy1,j€13 1€T1,j€T3
1 1
<InT) [~ {R0+ o0 -0 -1+ 4],

= |Z1||Zs| (62 — 54) = O(n252),
1 1
Z (Eiiﬂj(iﬂiiﬂ]’ - 1) = Z 1(2:1?138] - 1)2 e Z

i€Zlp,j€L3 i€Zy,j€L3

< |Z2|Zs] [%[2(1 +e)(1—e)—1)2 = i] <o.

Choosing € to be small enough and substituting the above four estimates into (D.4), we obtain that

1
Zng(w) < —2¢flez, 1 — max(|Z2| — 1,0)ellzz, |1 + O(n?e?)
< = [llez, [l + max(|Z2| = 1,0) [z, [l1] - e
If |Z5] > 2, it follows from Holder’s inequality that

Allzz, I + ll2z,11) - € _ [lzzy [l + ez, fln

= de = 4e.
llgllx lzz, lln + llzz, I

lg(@)lloc =
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which is a contradiction to (D.2). Otherwise if |Z2| < 1, it also follows from Holder’s inequality that

ez, [lre _ Az, [lr llzz, [|1

= c€> 4e > 2e.
llgllx lzz; 1 + llez, 1 lzz, Iy +1

lg(@)lloo =

In summary, in this sub-case, we have
lg(@)lloo = 2e.

Case I-2. Now, we consider the case when |Z1| = 1 and |Z2| > 2. Assume without loss of generality
that Z; = {1}. A similar calculation as (D.5) leads to

1 1
Zng(x) < —max(|Tz| = 1,0)ellez, 1 + O(ne?) < —Zllazylr - e

If 1 < 2¢~1, Holder’s inequality gives

4e||z T 2 2 )
lo@oo > 22zl _p Mozl oo 2 o, ¢
2[lq|l1 lzz, 1 + llzzs 1 2e¢—1 + 2¢ 2

Now, we assume that 21 > 2~ !. The first component of the gradient is
1 2 2
- — 2 ) > -
791 Zy‘e[n],j;ﬁl(xf @i = o) 2 Zje[nl,j;ﬂ(e @i =€)
=(n—-1e -z —(n—1e> M —1)e> e
which contradicts (D.2). In summary, in this sub-case, we have

lg(@)lloc > €.

Case I-3. In this case, we assume |Z1] = 1 and |Z2| < 1. In addition, we assume Z; = {1}. If
21 > (1 — €)7! + ¢, the third estimate in (D.5) becomes

ZjeI3 —zizj(riz; — 1) < Zje% —z1(1—¢)fz1(l —¢) —1]
1
< —(1—e)?ex; < —§Ha:zl [[1-€.
Then, using a similar analysis and by applying Holder’s inequality, it follows that

llzz, [I1

15 1
—q g(x) < —zllzzy e and  [|g(z)]loo > 26 T
4 2" < llzz, 11 + llzz, 11

Otherwise, if 1 < (1 — €)™ ! + ¢,
€
o1 — 1) < — 4 e < 3.
1—e€

Hence,
le — 201 < 3e+ (n—1)e = (n+ 2)e.

In summary, in this sub-case, we have

lg(@)lloe <€/ or |z —a°|1 < (n+2)e.
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Case I-4. Finally, we assume |Z1| = 0. If |Za| > 2, we can use a similar analysis as Case I-2 to
conclude that

1 1
1079@) < =5 e[l - e+ O(ne?)

and thus
lg(@)lloo = e

Next, we consider the case when |Z2| = 1 and we assume Zo = {1}. The fourth term in (D.5) can be
estimated as

> ( N= (30 ) e - (220
i€To,jeTs IV j=2"79 )71 j=2"7 )1

Since z; € [1 —€,1+ ¢ forall j € {2,...,n}, it holds that

n T 1
I

>1—e
?:213 T 1+4e

Therefore,

_ L n )
ZiEIg,jezgximj(mixj -1)= (Zj:2zj) x] — (Zj:2zj) z1

Thus, it holds that

1
Zng(x) < —(n—1)e2 +0(ne) > —€%.

Holder’s inequality implies that

42 42 42
lg@)lloo = =—2 >
llallh =1 ~ 1—e¢

The only remaining case is when |Z2| = 0. In this case, we have
z; €[1—¢€1+¢€, Vi€ ]n].

Therefore, it holds that
llz — 0|1 < ne.

In summary, in this sub-case, we have
lg(@)llsc > 4€® or |z — 2%l < ne.
Combining Cases I-1 to I-4 yields that
lg(@)lloc > €* or flz =21 < (n+4)e

in Case I.

Case II. For the case when ), e[n] Ti < —2¢, one can obtain the same conclusions as Case I by the
symmetry of the landscape.
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Case IIl. We finally consider the case when ), (n] Ti € [—2€, 2¢]. Considering the assumption (D.2),

we have )
— 2 B . ;
Zgz(:v) = ( E ieimlini® + 1) i — E e € [—€€], Vi€ [n].

Combined with the assumption that | icn] Ti € [—2e, 2¢], it follows that

2 o
(Z]’e[n],#i% * 1) mi € 86 3

Furthermore, since Z J€n] i :c? + 1 > 1, we have
z; € [—3¢,3¢], Vi€ [n].
We consider the descent direction p € R™, where
p; =1/v/n, Vi€ |[n].

Then, we can calculate that

1 r _ 2, 2
~p" H(z)p = Zid_e[n]j#i [P} + (2@iz; — 1)pipy]

4
= EZ [502- + (2ziz; — 1)]
n4—ijenli#i Y !
_ 1 2 i —n(n —
T n {(n a UZie[n]xi +2Zi,je[nw¢j%x“ n(n—-1)
< ! [(n—1)- e +2n(n — 1) - 962 — n(n — 1]
n

=27(n—1)e2 — (n—1) < —n/2,

where the last inequality is because e is sufficiently small.
Combined Cases I-11I, we have proved that under assumption (D.2), it holds that

min{[|lz — 2|1, & + 2|1} < (n+4)e or [lg(@)]lec > € or Amin[H(2)] < —2n.
Letting € := n/(n + 4) < 1, we know that the property stated in the theorem holds for problem (D.1)

with
773
Bn) = [CETER v(n) = 2n.

In addition, we have 79 = O(1), B(n) = O(n~3n3) and v(n) = O(n). Transforming back to the
instance (C°, u?), the property stated in the theorem holds with

no =0mn""%), Bn) =0m"%), ~y(n) =0mn"?).

This completes the proof. ]

D.2 Proof of Lemma 4.2

Proof Similar to Lemma 4.1, it is equivalent to prove the results for the scaled instance MC(n(n —
1)C, na*). With a little abuse of notations, we use (C'%*) to denote the scaled pair of parameters. Denote

5::max{w L}

a* "1 — a*
Then, the condition stated in the lemma implies that

Cij€[1=681+6], Vi,je€n] st. i#j; Cu€l0,8), a €[1—-51+6], Vi€ n].
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Let R > 0 be a large enough constant. Suppose that u € R™ is a stationary point of the instance (C’, a*)
such that ||u|l2 = R. Denote the gradient and the Hessian matrix of the instance MC(C,4*) at u as
g(u) € R™ and H(u) € R™*™, respectively. Then, it holds that

1 ~ ke~ .
(D.6) Zgl(u) = Zje[n]cij“f("i“f —aju;) =0, Vi€ n]
We assume without loss of generality that
u1 = max;ep|ui| > R/v/n > 0.
If u; = 0foralls € [n]\{1}, we have
~ 2 ~ 2 ~ ~ %~k N~k o~k
<Cg1u1 + ZjZQCquJ) Uz — (Cglu1u2u1 + Zj2202juju2uj)

= —Corajasu; < —(1-96)-(1-6)2 R <0,

2o (w)

where the last inequality is in light of Co1 > 1 —6and 4y > 1 — 4. This contradicts the stationarity of

point x and thus
Z. u? > 0.
i>27

Moreover, since C1; > 1 — 4 forall j € [n]\{1}, we have

~ 2 ~ 2 2
Zje[n]oljuj > ijzolju]- > (1 — §)Zj22ltj > 0.

Similarly, for all ¢ € [n]\{1}, it holds that

2 2 > (1 25 (1 8)u?
2 e O 2 2 e s > U= DD ey 5 > (L= O > 0.

Solving (D.6) for all ¢ € [n], we conclude that

.7 uy = =

Y iem Cigty @u;
Zijetn Cisd

Assuming that

2n
<R— ——,
“ (1-0)R
it follows that
D38) S G-y @A
’ j€m] I =27 = (1 —6)R2
In addition, we can calculate that
(D.9) Zje[n]cljam;uj < Zje[n]cljamﬂuﬂ

<(1+6)-(1+ 5)22j6[n]|uj\ < 2llullr < 2v/nR,

where the second last inequality is because § is a sufficiently small constant. Combining inequalities (D.8)-
(D.9), we have

e 2deln) Cryaj s u 2y/nR
1= = .
Yiem Clj“? 4dn — 4n2/[(1 — §)2R?]
Choosing R > 4n > 2(1 — §) ™ 1n, the above inequality leads to
2nR 2/nR R

)

S a2 (102 ~ 2

B
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which contradicts the assumption that u; > R/+/n. Therefore,

2
w >R— 2
(1-9)R
Using the condition that ||z||2 = R, it holds that
2n 4n? 2n

2 < — < .
20 ST (1-62R2 S 1-3
Forall ¢ € [n]\{1}, the relation (D.7) implies that

Yk k)
_ Zje[n] Ciju; UjUj Clzu ujul + Z]>2 C’Uuz u] Uj

i = —

> e Cis] - et Ciad

L (=9 (1= 8(R—2n/l0 - O)R) - (1+06)- (1+6)2/n-55pu2

- 2iem Cig;

L (1=0) (1= 9*(R—20/[(1 = R) = (1+) - (1+8)*y/n2n/(1 =)

N e Cigu]

1/2- (R—l)—Zn\/m R/2—1/2—4n
> et Cist} T Ejem Gyl

where the last inequality is due to choosing R > 8n + 1 and the second last inequality results from the
fact that ¢ is sufficiently small. Using the same relation, it follows that

>0,

_ e Cui@u | Cuagaiu  (1-8)(1 - 8)*m
T Yjem Ciyui — (1406)-R?
1 2n 1
>— (R- —" ) > —,
= 4R? ( (1 —6)R> ~ 8R

where the last inequality is due to choosing R > 8n > 4(1 — &)~ 'n. Furthermore, using the relation
(D.7) with ¢ = 1, we have

ijﬂj > i+

1

6)(

L A 2 ~ 2 ~x\2

S G {Zm%w +Cnlud - (@7
1

e e ] LR

+Cul(R —20/[0 - OR)? - 1+ 07
> rrmarae e (Sed)
0 +;)z1§+ 5)2 (R_ (1 E7;)1%) PO
: (R_ ﬁ) Py
Since 3755 5 < 3 /n(52; 5 u?) it follows that

() 2 1 () Kt
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which further implies that

) 16n 16n 1
2504 < (B=2n/[0 R = (R-12 =1

where the last inequality is because of choosing R > 1 + 8y/n. Now, we consider the descent direction
q € R™, where
@1 = —u1; g =u;, Vi€ [n]\{1}.

Similar to the proof of Lemma 4.1, we can calculate that

*

i(g(U),(I) = Zidzli#jéijuiuj (wiy — @1a) — Criudlu? — ()2
* ZDQCN’“-u? [uf — (7))
: szzi#j@j“iuﬂ' (wiuj — @jag) + ZiZQéiiu? [uf — (a@})?]
= Zi,jzz,#jéij“i"j [1/4—(1-196)?]
+ 0 Cuf[1/4 = (1-6)%)
= Ziu‘zu#j(l —48)-(8R)"%-(1/4~1/2)

+ ZZ_ZQ(S -(8R)™2.(1/4—1/2) <0,

which contradicts the assumption that z is a stationary point. Therefore, the above analysis implies that
the instance (C, @*) has no stationary point in the region {u € R™ | ||ul|2 > 8n + 1}.

Now, We focus on the compact region {u € R" | |lul]l2 < 8n + 1}. Since the gradient and the
Hessian matrix are continuous functions of (C, u*), the £oo-norm of the gradient and the eigenvalues of
the Hessian matrix are also continuous functions of (C, u*). Intuitively, a small perturbation to (C, u*)
would not significantly change the norms of the gradient and the Hessian matrix. Thus, the strict-saddle
property still holds after a small perturbation. More rigorously, let (C°, u%) € M and 7 € (0,70]. In the
region

Ry ={u € R" | |lullz <8n+1,[lu—u’|1 >n,[u+u’L >n},

at least one of the following properties holds:
Vg (u; C%, u)loo = B(m), Amin[V2g(u; C%,u®)] < —v(n).
Since R, is a compact set and we constrain (C, u*) by ||C||1 = 1 and ||u*||1 = 1, the functions
IVg(u; C,u*)||oo and  Amin[VZg(z; C,u*)]

are Lipschitz continuous in (C,u*). Suppose that the Lipschitz constants are Ly and Ly under the
weighted £1-norm, namely

[1Vg(u; Cuw)low = [ Vg(ws €, ) oo |
< Ly [a* € = Clh + (1 = a")lja" —u* ],
Amin [929(u; C, )] = Amin 293 C, )|

< Ly [o7[|C = Cll + (1 = o) @ =]
Vo € Ry, (Cut) st Ol = futfly = 1.

Let
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Then, for every pair (C, @*) satisfying
o [|C = COl+ (1 —a) @ —u’ll <,
at least one of the following properties holds for all x € Ry;:
IVg(u; C,@*)loo > BM)/2, Amin V3 (u; C,@%)] < —v(n) /2.
This implies that the strict-saddle property holds for the the perturbed instance MC(C’ ,4*). Letting n —

0, it follows that =™ are the only points satisfying the second-order necessary optimality conditions, and
thus MC(C, u*) does not have SSCPs. O
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